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Morphism of T⋆-Representations
Aleks Kleyn
Abstract. Importance of theorem dedicated to isomorphisms consist in state-
ment that they allow to identify different mathematical objects which have
something common from the point of view of certain model. This paper
cosiders morphisms of T⋆-representation of F-algebra and morphisms of T⋆-
representation of fibered F-algebra.
This paper appeared on intersection of two researches which I make at the same
time. First half of paper is dedicated to morphisms of T⋆-representations of F-alge-
bra. In second half I consider morphisms of T⋆-representations of fibered F-algebra.
Considered constructions appeared as result of study of D∗∗-linear mappings which
are morphisms of T⋆-representations of skew field in Abelian group. Therefore I
use D∗∗-linear mappings for the purposes of illustration of stated theory.
1. Representation of F-Algebra
Definition 1.1. We call the map
t :M →M
transformation of set M . 
Definition 1.2. Transformations is left-side transformation or T⋆-transfor-
mation if it acts from left
u′ = tu
We denote ⋆M the set of T⋆-transformations of set M .
Suppose we defined the structure of H-algebra on the set M ([2]). Then the set
⋆M consists from T⋆-transformations which are homomorphisms of H-algebra. 
Definition 1.3. Transformations is right-side transformations or ⋆T -trans-
formation if it acts from right
u′ = ut
We denote M⋆ the set of nonsingular ⋆T -transformations of set M .
Suppose we defined the structure of H-algebra on the set M ([2]). Then the set
M⋆ consists from ⋆T -transformations which are homomorphisms of H-algebra. 
We denote δ identical transformation.
Definition 1.4. Suppose we defined the structure of F-algebra on the set ⋆M ([2]).
Let A be F-algebra. We call homomorphism
(1.1) f : A→ ⋆M
left-side or T⋆-representation of F-algebra A in set M 
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Definition 1.5. Suppose we defined the structure of F-algebra on the setM⋆ ([2]).
Let A be F-algebra. We call homomorphism
f : A→M⋆
right-side or ⋆T -representation of F-algebra A in set M 
We extend to representation theory convention described in remark [5]-2.2.14.
We can write duality principle in the following form
Theorem 1.6 (duality principle). Any statement which holds for T⋆-representation
of F-algebra A holds also for ⋆T -representation of F-algebra A.
Diagram
M
f(a) // M
A
f
KS
means that we consider the representation of F-algebra A. The map f(a) is image
of a ∈ A.
Definition 1.7. Suppose map (1.1) is an isomorphism of the F-algebra A into ⋆M .
Then the T⋆-representation of the F-algebra A is called effective. 
Remark 1.8. Suppose the T⋆-representation of F-algebra is effective. Then we
identify an element of F-algebra and its image and write T⋆-transormation caused
by element a ∈ A as
v′ = av
Suppose the ⋆T -representation of F-algebra is effective. Then we identify an element
of F-algebra and its image and write ⋆T -transormation caused by element a ∈ A as
v′ = va

Definition 1.9. We call a T⋆-representation of F-algebra transitive if for any
a, b ∈ V exists such g that
a = f(g)b
We call a T⋆-representation of F-algebra single transitive if it is transitive and
effective. 
Theorem 1.10. T⋆-representation is single transitive if and only if for any a, b ∈
M exists one and only one g ∈ A such that a = f(g)b
Proof. Corollary of definitions 1.7 and 1.9. 
Suppose we introduce additional structure on set M . Then we create an addi-
tional requirement for the representation of F-algebra.
Since we defined the structure of algebra of type H on the set M , we suppose
that T⋆-transformation
u′ = f(a)u
is automorphism of algebra of type H. We also study T⋆-representations which
reflects symmetry of algebra of type H.
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Since we introduce continuity on set M , we suppose that T⋆-transformation
u′ = f(a)u
is continuous in u. Therefore, we get
∣∣∣∣
∂u′
∂u
∣∣∣∣ 6= 0
2. Morphism of T⋆-Representations of F-Algebra
Theorem 2.1. Let A and B be F-algebras. T⋆-representation of F-algebra B
f : B → ⋆M
and homomorphism of F-algebra
(2.1) h : A→ B
define T⋆-representation of F-algebra A
A
h
@
@@
@@
@@
f // ⋆M
B
g
=={{{{{{{{
Proof. Since mapping f is homomorphism of F-algebra B into F-algebra ⋆M , the
mapping h is homomorphism of F-algebra A into F-algebra ⋆M . 
Considering representations of F-algebra in sets M and N , we are interested in
a mapping that preserves the structure of representation.
Definition 2.2. Let us consider T⋆-representation
f : A→ ⋆M
of F-algebra A in M and T⋆-representation
g : B → ⋆N
of F-algebra B in N . Tuple of mapping (r, R)
(2.2) r : A // B R :M // N
such, that r is homomorphism of F-algebra and
(2.3) R(f(a)m) = g(r(a))R(m)
is called morphism of T⋆-representations from f into g. We also say that
morphism of T⋆-representations of F-algebra is defined. 
Remark 2.3. Let us consider morphism of T⋆-representations (2.2). We denote
elements of the set B by letter using pattern b ∈ B. However if we want to show
that b is image of element a ∈ A, we use notation r(a). Thus equation
r(a) = r(a)
means that f(a) (in left part of equation) is image a ∈ A (in right part of equation).
Using such considerations, we denote element of set N as R(m). We will follow
this convention when we consider correspondences between homomorphisms of F-
algebra and mappings between sets where we defined correspondingT⋆-representa-
tions.
There are two ways to interpret (2.3)
3
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• Let T⋆-transformation f(a) map m ∈ M into f(a)m. Then T⋆-transfor-
mation g(r(a)) maps R(m) ∈ N into R(f(a)m).
• We represent morphism of representations from f into g using diagram
M
f(a)

R // N
g(r(a))

(1)
M
R // N
A
r //
f
BJ


B
g
BJ


From (2.3) it follows that diagram (1) is commutative.

Theorem 2.4. Let us consider T⋆-representation
f : A→ ⋆M
of F-algebra A and T⋆-representation
g : B → ⋆N
of F-algebra B. Morphism
h : A // B H : M // N
of T⋆-representations from f into g satisfies equation
(2.4) H(ω(f(a1), ..., f(an))m) = ω(g(h(a1)), ..., g(h(an)))H(m)
for any n-ary operation ω of F-algebra.
Proof. Since f is homomorphism, we have
(2.5) H(ω(f(a1), ..., f(an))m) = H(f(ω(a1, ..., an))m)
From (2.3) and (2.5) it follows that
(2.6) H(ω(f(a1), ..., f(an))m) = g(h(ω(a1, ..., an)))H(m)
Since h is homomorphism, from (2.6) it follows that
(2.7) H(ω(f(a1), ..., f(an))m) = g(ω(h(a1), ..., h(an)))H(m)
Since g is homomorphism, (2.4) follows from (2.7). 
Theorem 2.5. Given single transitive T⋆-representation
f : A→ ⋆M
of F-algebra A and single transitive T⋆-representation
g : B → ⋆N
of F-algebra B, there exists morphism
p : A // B P :M // N
of T⋆-representations from f into g.
4
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Proof. Let us choose homomorphism h. Let us choose element m ∈M and element
n ∈ N . To define mapping H , let us consider following diagram
M
a

H // N
p(a)

(1)
M
H // N
A
p //
f
BJ


B
g
BJ


From commutativity of diagram (1), it follows that
H(am) = p(a)H(m)
For arbitrary m′ ∈ M , we defined unambiguously a ∈ A such that m′ = am.
Therefore, we defined mapping H which satisfies to equation (2.3). 
Theorem 2.6. Given single transitive T⋆-representation
f : A→ ⋆M
of F-algebra A, for any automorphism of F-algebra A there exists morphism
p : A // A P :M // M
of T⋆-representations from f into f .
Proof. Let us consider following diagram
M
a

H // N
p(a)

(1)
M
H // N
A
p //
f
BJ


A
g
BJ


Statement of theorem is corollary of theorem 2.5. 
Theorem 2.7. Let
f : A→ ⋆M
be T⋆-representation of F-algebra A,
g : B → ⋆N
be T⋆-representation of F-algebra B,
h : C → ⋆L
be T⋆-representation of F-algebra C. Given morphisms of T⋆-representations of F-
algebra
p : A // B P :M // N
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q : B // C Q : N // L
There exists morphism of T⋆-representations of F-algebra
r : A // C R :M // L
where r = qp, R = QP . We call morphism (r, R) of T⋆-representations from f
into h product of morphisms (p, P ) and (q,Q) of T⋆-representations of F-
algebra.
Proof. Map r is homomorphism of F-algebra A into F-algebra C. We need to show
that tuple of maps (r, R) satisfies to (2.3):
R(f(a)m) = QP (f(a)m)
= Q(g(p(a))P (m))
= h(qp(a))QP (m))
= h(r(a))R(m)

Representations and morphisms of representations of F-algebra create category
of representations of F-algebra.
Definition 2.8. Let us define equivalence S on the set M . T⋆-transformation f is
called coordinated with equivalence S, when fm1 ≡ fm2(modS) follows from
condition m1 ≡ m2(modS).
Theorem 2.9. Let us consider equivalence S on set M . Let us consider F-algebra
on set ⋆M . Since T⋆-transformations are coordinated with equivalence S, we can
define the structure of F-algebra on the set ⋆(M/S).
Proof. Let h = nat S. If m1 ≡ m2(modS), then h(m1) = h(m2). Since f ∈ ⋆M is
coordinated with equivalence S, then h(f(m1)) = h(f(m2)). This allows to define
T⋆-transformation F according to rule
F ([m]) = h(f(m))
Let ω be n-ary operation of F-algebra. Suppose f1, ..., fn ∈ ⋆M and
F1([m]) = h(f1(m)) ... Fn([m]) = h(fn(m))
We define operation on the set ⋆(M/S) according to rule
ω(F1, ..., Fn)[m] = h(ω(f1, ..., fn)m)
This definition is proper because ω(f1, ..., fn) ∈ ⋆M and is coordinated with equiv-
alence S. 
Theorem 2.10. Let
f : A→ ⋆M
be T⋆-representation of F-algebra A,
g : B → ⋆N
be T⋆-representation of F-algebra B. Let
r : A // B R :M // N
be morphism of representations from f into g. Suppose
s = rr−1 S = RR−1
6
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Then there exist decompositions of r and R, which we describe using diagram
M/S
T //
(5)
(4) (6)
RM
I

A/s
t //
F
%-
rA
i

G
.6dddddddddddddddddddddddddddddddddddddddddd
dddddddddddddddddddddddddddddddddddddddddd M/S
T //
F (j(a))
aaDDDDDDDDDDDDDDDDD
RM
I

G(r(a))
==||||||||||||||||||
A r
//
j
OO
(1)
f 19
B
g
)1ZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ M R
//
J
OO
(2)
f(a)
||yy
yy
yy
yy
yy
yy
yy
yy
yy
N
g(r(a))
!!D
DD
DD
DD
DD
DD
DD
DD
DD
M
J
OO
R
//
(3)
N
• s = ker r is a congruence on A. There exists decompositions of homomor-
phism r
(2.8) r = itj
j = nat s is the natural homomorphism
(2.9) j(a) = j(a)
t is isomorphism
(2.10) r(a) = t(j(a))
i is the inclusion mapping
(2.11) r(a) = i(r(a))
• S = ker R is an equivalence on M . There exists decompositions of homo-
morphism R
(2.12) R = ITJ
J = nat S is surjection
(2.13) J(m) = J(m)
T is bijection
(2.14) R(m) = T (J(m))
I is the inclusion mapping
(2.15) R(m) = I(R(m))
• F is T⋆-representation of F-algebra A/s in M/S
• G is T⋆-representation of F-algebra rA in RM
• There exists decompositions of morphism of representations
(r, R) = (i, I)(t, T )(j, J)
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Proof. Existence of diagram (1) follows from theorem II.3.7 ([8], p. 60). Existence
of diagram (2) follows from theorem I.3.1 ([8], p. 15).
We start from diagram (4).
Let m1 ≡ m2(mod S). Then
(2.16) R(m1) = R(m2)
Since a1 ≡ a2(mods), then
(2.17) r(a1) = r(a2)
Therefore, j(a1) = j(a2). Since (r, R) is morphism of representations, then
(2.18) R(f(a1)m1) = g(r(a1))R(m1)
(2.19) R(f(a2)m2) = g(r(a2))R(m2)
From (2.16), (2.17), (2.18), (2.19), it follows that
(2.20) R(f(a1)m1) = R(f(a2)m2)
From (2.20) it follows
(2.21) f(a1)m1 ≡ f(a2)m2(modS)
and, therefore,
(2.22) J(f(a1)m1) = J(f(a2)m2)
From (2.22) it follows that we defined map
(2.23) F (j(a))(J(m)) = J(f(a)m))
reasonably and this map is T⋆-transformation of set M/S.
From equation (2.21) (in case a1 = a2) it follows that for any a T⋆-transformation
is coordinated with equivalence S. From theorem 2.9 it follows that we defined
structure of F-algebra on the set ⋆(M/S). Let us consider n-ary operation ω and
n T⋆-transformations
F (j(ai))J(m) = J(f(ai)m)) i = 1, ..., n
of the set M/S. We assume
ω(F (j(a1)), ..., F (j(an)))J(m) = J(ω(f(a1), ..., f(an)))m)
Therefore, map F is representations of F-algebra A/s.
From (2.23) it follows that (j, J) is morphism of representations f and F .
Let us consider diagram (5).
Since T is bijection, then we identify elements of the set M/S and the set MR,
and this identification has form
(2.24) T (J(m)) = R(m)
We can write T⋆-transformation F (j(a)) of the set M/S as
(2.25) F (j(a)) : J(m)→ F (j(a))J(m)
Since T is bijection, we define T⋆-transformation
(2.26) T (J(m))→ T (F (j(a))J(m))
8
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of the set RM . T⋆-transformation (2.26) depends on j(a) ∈ A/s. Since t is bijec-
tion, we identify elements of the set A/s and the set rA, and this identification has
form
t(j(a)) = r(a)
Therefore, we defined map
G : rA→ ⋆RM
according to equation
(2.27) G(t(j(a)))T (J(m)) = T (F (j(a))J(m))
Let us consider n-ary operation ω and n T⋆-transformations
G(r(ai))R(m) = T (F (j(ai))J(m)) i = 1, ..., n
of space RM . We assume
ω(G(r(a1)), ..., G(r(an)))R(m) = T (ω(F (j(a1), ..., F (j(an)))J(m))
According to (2.27) operation ω is defined reasonably on the set ⋆RM . Therefore,
the map G is representations of F-algebra.
From (2.27) it follows that (t, T ) is morphism of representations F and G.
Diagram (6) is the most simple case in our prove. Since map I is immersion
and diagram (2) is commutative, we identify n ∈ N and R(m) when n ∈ ImR.
Similarly, we identify corresponding T⋆-transformations.
(2.28) g′(i(r(a)))I(R(m)) = I(G(r(a))R(m))
ω(g′(r(a1)), ..., g
′(r(an)))R(m) = I(ω(G(r(a1), ..., G(r(an)))R(m))
Therefore, (i, I) is morphism of representations G and g.
To prove the theorem we need to show that defined in the proof T⋆-representa-
tion g′ is congruent with representation g, and operations over transformations are
congruent with corresponding operations over ⋆N .
g′(i(r(a)))I(R(m)) = I(G(r(a))R(m)) by (2.28)
= I(G(t(j(a)))T (J(m))) by (2.10), (2.14)
= IT (F (j(a))J(m)) by (2.27)
= ITJ(f(a)m) by (2.23)
= R(f(a)m) by (2.12)
= g(r(a))R(m) by (2.3)
ω(G(r(a1)), ..., G(r(an)))R(m) = T (ω(F (j(a1), ..., F (j(an)))J(m))
= T (F (ω(j(a1), ..., j(an)))J(m))
= T (F (j(ω(a1, ..., an)))J(m))
= T (J(f(ω(a1, ..., an))m))

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From theorem 2.10 it follows that we can reduce the problem of studying of
morphism of T⋆-representations of F-algebra to the case described by diagram
(2.29) M
f(a)

J // M/S
F (j(a))

M
J // M/S
A
j //
f
CK


A/s
F
@H
































Theorem 2.11. We can supplement diagram (2.29) with T⋆-representation F1 of
F-algebra A into set M/S such that diagram
(2.30) M
f(a)

J // M/S
F (j(a))

M
J // M/S
A
j //
f
CK


F1
4<qqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqq
A/s
F
@H
































is commutative. The set of T⋆-transformations of T⋆-representation F and the set
of T⋆-transformations of T⋆-representation F1 coincide.
Proof. To prove theorem it is enough to assume
F1(a) = F (j(a))
Since map j is surjection, then ImF1 = ImF . Since j and F are homomorphisms
of F-algebra, then F1 is also homomorphism of F-algebra. 
Theorem 2.11 completes the series of theorems dedicated to the structure of
morphism of T⋆-representations F-algebra. From these theorems it follows that we
can simplify task of studying of morphism of T⋆-representations F-algebra and not
go beyond morphism of T⋆-representations of form
id : A // A R :M // N
In this cae we identify morphism of (id, R) T⋆-representations of F-algebra and
map R.
Definition 2.12. Let
f : A→ ⋆M
be T⋆-representation of F-algebra A in H-algebra M and T⋆-representation
g : B → ⋆N
10
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be T⋆-representation of F-algebra B in H-algebra N . Morphism (h,H) of T⋆-
representations of algebra of type F is called morphism of T⋆-representations
of F-algebra in H-algebra. 
3. D∗∗-Linear Map of Vector Spaces
Definition 3.1. Suppose A is S∗∗-vector space. Suppose B is T ∗∗-vector space.
Morphism
f : S // T A : A // B
of T⋆-representations of skew field in Abelian group is called (S∗∗, T
∗
∗)-linear
map of vector spaces. 
By theorem 2.10 studying (S∗∗, T
∗
∗)-linear map we can consider case S = T .
Definition 3.2. Suppose A and B are D∗∗-vector spaces. We call map
(3.1) A : A → B
D∗∗-linear map of vector spaces if
1
(3.2) A(a∗∗m) = a
∗
∗A(m)
for any aa ∈ D, am ∈ A. 
Theorem 3.3. Let f = (af,a ∈ I) be a D∗∗-basis of vector space A and e =
(be, b ∈ J) be a D∗∗-basis of vector space B. Then D∗∗-linear map (3.1) of vector
spaces has presentation
(3.3) b = a∗∗A
relative to selected bases. Here
• a is coordinate matrix of vector a relative the D∗∗-basis f
• b is coordinate matrix of vector
b = A(a)
relative the D∗∗-basis e
• A is coordinate matrix of set of vectors (A(af)) in D∗∗-basis e called ma-
trix of D∗∗-linear map relative bases f and e
Proof. Vector a ∈ A has expansion
a = a∗∗f
relative to D∗∗-basis f . Vector b = f(a) ∈ B has expansion
(3.4) b = b∗∗e
relative to D∗∗-basis e.
Since A is a D∗∗-linear map, from (3.2) it follows that
(3.5) b = A(a) = A(a∗∗f) = a
∗
∗A(f)
A(af) is also a vector of B and has expansion
(3.6) A(af) = aA
∗
∗e = aA
b
be
relative to basis e. Combining (3.5) and (3.6) we get
(3.7) b = a∗∗A
∗
∗e
1Expression a∗∗A(m) means expression aa A(am)
11
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(3.3) follows from comparison of (3.4) and (3.7) and theorem [5]-4.3.3. 
On the basis of theorem 3.3 we identify the D∗∗-linear map (3.1) of vector spaces
and the matrix of its presentation (3.3).
Theorem 3.4. Let
f = (af,a ∈ I)
be a D∗∗-basis of vector space A,
e = (be, b ∈ J)
be a D∗∗-basis of vector space B, and
g = (cg, c ∈ L)
be a D∗∗-basis of vector space C. Suppose diagram of D∗∗-linear maps
A
C //
A
@
@@
@@
@@
C
B
B
??
is commutative diagram where D∗∗-linear map A has presentation
(3.8) b = a∗∗A
relative to selected bases and D∗∗-linear map B has presentation
(3.9) c = b∗∗B
relative to selected bases. Then D∗∗-linear map C has presentation
(3.10) c = a∗∗A
∗
∗B
relative to selected bases.
Proof. Proof of the statement follows from substituting (3.8) into (3.9). 
Presenting D∗∗-linear map as
∗
∗-product we can rewrite (3.2) as
(3.11) (ka)∗∗A = k(a
∗
∗A)
We can express the statement of the theorem 3.4 in the next form
(3.12) (a∗∗A)
∗
∗B = a
∗
∗(A
∗
∗B)
Equations (3.11) and (3.12) represent the associative law for D∗∗-linear maps
of vector spaces. This allows us writing of such expressions without using of
brackets.
Equation (3.3) is coordinate notation for D∗∗-linear map. Based theorem 3.3
non coordinate notation also can be expressed using ∗∗-product
(3.13) b = a∗∗A = a
∗
∗f
∗
∗A = a
∗
∗A
∗
∗e
If we substitute equation (3.13) into theorem 3.4, then we get chain of equations
c = b∗∗B = b
∗
∗e
∗
∗B = b
∗
∗B
∗
∗g
c = a∗∗A
∗
∗B = a
∗
∗f
∗
∗A
∗
∗B = a
∗
∗A
∗
∗B
∗
∗g
12
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Remark 3.5. One can easily see from the an example ofD∗∗-linear map how theorem
2.10 makes our reasoning simpler in study of the morphism of T⋆-representations
of F-algebra. In the framework of this remark, we agree to call the theory of D∗∗-
linear mappings reduced theory, and theory stated in this remark is called enhanced
theory.
Suppose A is S∗∗-vector space. Suppose B is T ∗∗-vector space. Suppose
f : S // T A : A // B
is (S∗∗, T
∗
∗)-linear map of vector spaces. Let f = (af,a ∈ I) be a S∗∗-basis of
vector space A and e = (be, b ∈ J) be a T
∗
∗-basis of vector space B.
From definitions 3.1 and 2.2 it follows
(3.14) b = A(a) = A(a∗∗f) = f(a)
∗
∗A(f)
A(af) is also a vector of B and has expansion
(3.15) A(af) = aA
∗
∗e = aA
b
be
relative to basis e. Combining (3.14) and (3.15), we get
(3.16) b = f(a)∗∗A
∗
∗e
Suppose C is D∗∗-vector space. Suppose
g : T // D B : B // C
is (T ∗∗, D
∗
∗)-linear map of vector spaces. Let h = (ah,a ∈ K) be D∗∗-basis of
vector space C. Then, according to (3.16), the product of (S∗∗, T ∗∗)-linear map
(f,A) and (T ∗∗, D
∗
∗)-linear map (g,B) has form
(3.17) c = gf(a)∗∗g(A)
∗
∗B
∗
∗h
Comparison of equations (3.10) and (3.17) that extended theory of linear maps is
more complicated then reduced theory.
If we need we can use extended theory, however we will not get new results
comparing with reduced theory. At the same time plenty of details makes picture
less clear and demands permanent attention. 
4. Bundle
Let M be a manifold and
(4.1) p[E] : E //___ M
be a bundle over M with fiber E.2 The symbol p[E] means that E is a typical
fiber of the bundle. Set E is domain of map p[E]. Set M is range of map p[E]. We
identify the smooth map p[E] and the bundle (4.1). Mapping p is called projection
of bundle E along fiber E. Denote by Γ(p[E]) the set of sections of bundle p[E].
Definition 4.1. A space is said to be locally compact at point p if there exists
open set U , p ∈ U , whose closure U is compact. A space is said to be locally
compact if it is locally compact at each of its points.3 
2Since I have deal with different bundles I follow next agreement. I use the same letter in
different alphabets for notation of bundle and fiber.
3I follow to definition from [4], p. 71.
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Definition 4.2. Given topologies T1, T2 on the set X , we say that T1 is finer than
T2 and that T2 is coarser than T1 if, denoting by Xi the set X with the topology
Ti, i = 1, 2, the identity mapping X1 → X2, is continuous. If T1 6= T2, we say that
T1 is strictly finer than T2 and that T2 is strictly coarser than T1. 
Let topology T1 in the set X be finer than topology T2. Let us consider diagram
X1
id

g1
&&NN
NNN
NNN
NNN
NN
Y
f1
88ppppppppppppp
f2 &&NN
NNN
NNN
NNN
NN Z
X2
g2
88ppppppppppppp
According to definition 4.2, if mapping f1 is continues, than mapping f2 is continues.
Similarly, if mapping g2 is continues, than mapping g1 is continues.
Let p[E] : E //___ M be bundle. Let us consider an open set U ⊂M such, that
there exists chart ϕ over U
U × E
ϕ //
p
""E
E
E
E
E E|U
p[E]~~|
|
|
|
U
Since ϕ is homeomorphism, then topology in U ×E and E|U are comparable. Since
U × E is Cartesian product of topological spaces U and E, then in E|U , we define
coarsest topology for which projection p[E] is continuous ([11], p. 31).
Let us consider relation r in E such that (p, q) ∈ r iff p and q belong to the same
fiber. Relation r is equivalence. p[E] is natural mapping. Let us consider diagram
E
p[E]



g
''NN
NNN
NNN
NNN
NN
M
f
// N
Continuity of mapping g follows from continuity of mapping f . Hence, we can define
in M quotient topology which is the finest topology for which p[E] is continuous
([11], p. 39).
Cartesian power A of set B is the set BA of mappings f : A→ B ([8], page
5). Let us consider subsets of BA of the form
WK,U = {f : A→ B|f(K) ⊂ U}
whereK is compact subset of space A, U is open subset of space B. SetsWK,U form
base of topology on space BA. This topology is called compact-open topology.
Cartesian power A of set B equipped by compact-open topology is calledmapping
space ([9], page 213).
According to [9], page 214, given spaces A, B, C, D and mappings f : A → C,
g : D → B we define morphism of mapping spaces
gf : DC → BA
14
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by law
gf (h) = fhg h :C → D gf (h) :A→ B
Thus, we can represent the morphism of mapping spaces using diagram
A
f //
gf (h)

C
h

B Dg
oo
Remark 4.3. Set Γ(E) is subset of set EM . This is why for set of sections we can
use definitions established for mapping set. We define sets WK,U by law
WK,U = {f ∈ Γ(E)|f(K) ⊂ U}
where K is compact subset of space M , U is open subset of space E . 
Remark 4.4. I use arrow //___ to represent projection of bundle on diagram. 
Remark 4.5. I use arrow // to represent section of bundle on diagram. 
Definition 4.6. Let us consider bundles
p[A] : A //___ M
and
q[B] : B //___ N
Tuple of mapping
(4.2) ( F : A → B, f :M → N )
such, that diagram
A
p[A]



F // B
q[B]



M
f // N
is commutative, is called fibered morphism from bundle A into B. The map
f is the base of map F . The map F is the lift of map f . 
Theorem 4.7. Suppose map f is bijection. Then the map F defines morphism
Ff
−1
of spaces of sections Γ(p[A])) to Γ(q[B]))
A
F // B u′ = Ff
−1
(u) = Fuf−1
M
u
OO
f // N
u′
OO
F
f−1
+3
Proof. It is enough to prove continuity of f−1 to prove continuity of u′. However
this is evident, because f is continuous bijection.
We assume that we defined topology on the set Γ(p[A])) and Γ(q[B])) according
to remark 4.3. Let us consider sections u, v ∈ Γ(p[A])), u′ = Ff
−1
(u), v′ = Ff
−1
(u′)
such that there exists WL,V ⊂ Γ(q[B])) where L is compact subset of space N , V is
open subset of space B, u′, v′ ∈ WL,V . Since f is continuous bijection, K = f−1(L)
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is compact subset of space M . Since F is continuous, U = F−1(V ) is open subset
of space A.
According to our design
(4.3) u′f = Fu
From (4.3) it follows that
(4.4) Fu(K) = u′f(K) = u′(L) ⊂ V
From (4.4) it follows that
(4.5) u(K) ⊂ F−1V = U
From (4.5) it follows that u ∈ WK,U . Similarly we prove that u′ ∈WK,U . Therefore,
for open set WL,V we found open set WK,U such that Ff
−1
(WK,U ) ⊂ WL,V . This
proves continuity of map Ff
−1
. 
Since f = id, then id−1 = id. In this case we use notation F id for morphism of
spaces of sections. It is evident, that
F id(u) = Fu
Definition 4.8. Let a[A] : A //___ N and b[B] : B //___ M be bundles. Sup-
pose fibered morphism ( F : A → B, f :M → N ) is defined by diagram
A
a[A]



F // B
b[B]



N
f // M
where maps F and f are injections. Then bundle a[A] is called fibered subset or
subbundle of b[B]. We also use notation a[A] ⊆ b[B] or A ⊆ B.
Without loss of generality we assume that A ⊆ B, N ⊆M . 
Let us consider bundles
p[A] : A //___ M
and
q[B] : B //___ N
Cartesian power A of bundle B is the set p[A]q[B] of fibered morphisms
( F : A → B, f :M → N )
At this time I do not see how we can define structure of bundle in Cartesian power
of bundle. Although for given m ∈ M , n ∈ N I can consider Cartesian power
Bn
Am . Based on theorem 4.7, we can define map
f : q[B]p[A] → Γ(B)Γ(A)
Let us consider subsets WK,U ⊂ Γ(B)Γ(A) where K is compact subset of sections
of bundle A, U is open subset of sections of bundle B. Sets WK,U form base of
topology on space Γ(B)Γ(A). We choose coarsest topology in q[B]p[A], for which
mapping f is continuous.
We considered the structure of open set of sections of bundle B in remark 4.3.
Since a set of sections of bundle A is set of mappings, we can look for theorem
16
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similar to Arzela`’s theorem in calculus ([3], p. 54), to answer the question when
this set is compact. At this time I leave this question open.
According to [9], p. 214, given spaces A, B, C, D and mappings f : A → C,
g : D → B we define morphism of mapping spaces
gf : DC → BA
by law
gf (h) = fhg h :C → D gf (h) :A→ B
Thus, we can represent the morphism of mapping spaces using diagram
Y njA
f //
gf (h)

C
h

B Dg
oo
5. Fibered F-Algebra
Definition 5.1. An n-ary operation on bundle p[E] is a fibered morphism
F : En → E
n is arity of operation. 0-arity operation is a section of E . 
We can represent the operation using the diagram
En
ω //
p
~~
=
3
)




p
  



)
3
=
E
p







⊙
...
⊙
ω
"*
M
id // M
Theorem 5.2. Let U be an open set of base M . Suppose there exist trivialization
of bundle p[E] over U . Let x ∈M . Let ω be n-ary operation on bundle p[E] and
ω(p1, ..., pn) = p
in the fiber Ex. Then there exist open sets V ⊆ U , W ⊆ E, W1 ⊆ E1, ..., Wn ⊆ En
such, that x ∈ V , p ∈ W , p1 ∈W1, ..., pn ∈Wn, and for any x
′ ∈ V , p′ ∈ W ∩ωV
there exist p′1 ∈W1, ..., p
′
n ∈Wn such, that
ω(p′1, ..., p
′
n) = p
′
in the fiber Ex′ .
Proof. According to [11], page 44, since V belongs to the base of topology of space U
andW belongs to the base of topology of space E, then set V ×W belongs the base
of topology of space E . Similarly, since V belongs to the base of topology of space
U and W1, ..., Wn belong to the base of topology of space E, set V ×W1× ...×Wn
belongs the base of topology of space En.
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Since mapping ω is continuous, then for an open set V ×W there exists an open
set S ⊆ En such, that ωS ⊆ V ×W . Suppose x′ ∈ V . Let (x′, p′) ∈ ωS be an
arbitrary point. Then there exist such p′1 ∈ Ex′ , ..., p
′
n ∈ Ex′ , that
ω(p′1, ..., p
′
n) = p
′
in fiber Ex′ . According to this there exist sets R, R
′ from base of topology of space
U , and sets T1, ..., Tn, T
′
1, ..., T
′
n from base of topology of space E, such that
x ∈ R, x′ ∈ R′, p1 ∈ T1, p′1 ∈ T
′
1, ..., pn ∈ Tn, p
′
n ∈ T
′
n, R × T1 × ... × Tn ⊆ S,
R′×T ′1× ...×T
′
n ⊆ S. We proved the theorem sinceW1 = T1∪T
′
1, ...,Wn = Tn∪T
′
n
are open sets. 
Theorem 5.2 tells about continuity of operation ω, however this theorem tells
nothing regarding sets W1, ..., Wn. In particular, it is possible that these sets are
not connected.
We suppose W = {p}, W1 = {p1}, ..., Wn = {pn}, if topology on fiber A is
discrete. This leads one to assume that in the neighborhood V the operation does
not depend on a fiber. We call the operation ω locally constant. However, it is
possible that a condition of constancy is broken on bundle in general. Thus the
covering space R→ S1 of the circle S1 defined by p(t) = (sin t, cos t) for any t ∈ R
is bundle over circle with fiber of group of integers.
Let us consider the alternative point of view on the continuity of operation ω
to get a better understanding of role of continuity Let us consider the continuity
of operation ω to better see what does it mean. We need to consider sections,
if we want to show that infinitesimal change of operand when moving along base
causes infinitesimal change of operation. This change is legal, because we defined
operation on bundle in fiber.
Theorem 5.3. An n-ary operation on bundle maps sections into section.
Proof. Suppose f1, ..., fn are sections and we define map
(5.1) f = ωid(f1, ..., fn) : M → E
as
(5.2) f(x) = ω(f1(x), ..., fn(x))
Let x ∈ M and u = f(x). Let U be a neighborhood of the point u in the range of
the map f .
Since ω is smooth map, then according to [11], page 44, for any i, 1 ≤ i ≤ n the
set Ui is defined in the range of section fi such, that
∏n
i=1 Ui is open in the range
of section (f1, ..., fn) of the bundle En and
ω(
n∏
i=1
Ui) ⊆ U
Let u′ ∈ U . Since f is a map, then there exist x′ ∈ M such that f(x′) = u′.
From equation (5.2) it follows that there exist u′i ∈ Ui, p(u
′
i) = x
′ such, that
ω(u′1, ..., u
′
n) = u
′. Since fi is a section, then there exist a set Vi ⊆ M such, that
fi(Vi) ⊆ Ui and x ∈ Vi, x′ ∈ Vi. Therefore, the set
V = ∩ni=1Vi
is not empty, it is open in M and x ∈ V , x′ ∈ V . Thus the map f is smooth and f
is the section. 
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We can represent the operation using the diagram
En
ω // E
×...×
ωid
"*
M
a1
>>
an
``
id // M
OO
Theorem 5.4. ωid is continuous on Γ(E).
Proof. Let us consider a set WK,U , where K is compact set of space M , U is open
set of space E . We can represent set U as V ×E, where V is open set of space M ,
K ⊂ V . ω−1(V × E) = V × En is open set. Therefore,
(5.3) (ωid)−1WK,V×E =WK,V×En
From (5.3) continuity of ωid follows. 
Definition 5.5. Let A be F-algebra ([2]). We can extend F-algebraic structure
from fiber A to bundle p[A] : A //___ M . If operation ω is defined on F-algebra
A
a = ω(a1, ..., an)
then operation ω is defined on bundle
a(x) = ω(a1, ..., an)(x) = ω(a1(x), ..., an(x))
We say that p[A] is a fibered F-algebra. 
Depending on the structure we talk for instance about fibered group, fibered
ring, or vector bundle.
Main properties of F-algebra hold for fibered F-algebra as well. Proving appro-
priate theorems we can refer on this statement. However in certain cases the proof
itself may be of deep interest, allowing a better view of the structure of the fibered
F-algebra. However properties of F-algebra on the set of sections are different from
properties of F-algebra in fiber. For instance, if the product in fiber has inverse ele-
ment, it does not mean that the product of sections has inverse element. Therefore,
fibered continuous field generates ring on the set of sections. This is the advantage
when we consider fibered algebra. I want also to stress that the operation on bundle
is not defined for elements from different fibers.
Let transition functions gǫδ determine bundle B over base N . Let us consider
maps Vǫ ∈ N and Vδ ∈ N , Vǫ ∩ Vδ 6= ∅. Point q ∈ B has representation (y, qǫ) in
map Vǫ and representation (y, qδ) in map Vδ. Therefore,
pα = fαβ(pβ)
qǫ = gǫδ(qδ)
When we move from map Uα to map Uβ and from map Vǫ to map Vδ, representation
of correspondence changes according to the law
(x, y, pα, qǫ) = (x, y, fαβ(pβ), gǫδ(qδ))
This is consistent with the transformation when we move from map Uα×Vǫ to map
Uβ × Vδ in the bundle A× B.
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Theorem 5.6. Let transition functions fαβ determine fibered F-algebra p[A] : A //___ M
over base M . Then transition functions fαβ are homomorphisms of F-algebra A.
Proof. Let Uα ∈ M and Uβ ∈M , Uα ∩ Uβ 6= ∅ be neighborhoods where fibered F-
algebra p[A] is trivial. Let
(5.4) aβ = fβα(aα)
be map from bundle p[A]|Uα into bundle p[A]|Uβ . Let ω be n-ary operation and
points e1, ..., en belong to fiber Ax, x ∈ U1 ∩ U2. Suppose
(5.5) e = ω(e1, ..., en)
We represent point e ∈ p[A]|Uα as (x, eα) and point eip[A]|Uα as (x, eiα). We
represent point e ∈ p[A]|Uβ as (x, eβ) and point ei ∈ p[A]|Uβ as (x, eiβ). According
to (5.4)
(5.6) eβ = fβα(eα)
(5.7) eiβ = fβα(eiα)
According to (5.5), the operation in the bundle Ax over neihgborhood Uβ is
(5.8) eβ = ω(e1β , ..., enβ)
Substituting (5.6), (5.7) into (5.8) we get
fβα(eα) = ω(fβα(e1α), ..., fβα(enα))
This proves that fβα is homomorphism of F-algebra. 
Definition 5.7. Let p[A] : A //___ M and p′[A′] : A′ //___ M ′ be two fibered
F-algebras. Fibered morphism
f : A → A′
is called homomorphism of fibered F-algebra if respective fiber map
fx : Ax → A
′
x′
is homomorphism of F-algebra A. 
Definition 5.8. Let p[A] : A //___ M and p′[A′] : A′ //___ M ′ be two fibered
F-algebras. Homomorphism of fibered F-algebras f is called isomorphism of
fibered F-algebras if respective fiber map
fx : Ax → A
′
x′
is isomorphism of F-algebra A. 
Definition 5.9. Let p[A] : A //___ M be an F-fibered F-algebra and A′ be F-sub-
algebra of the F-algebra A. An fibered F-algebra p[A′] : A′ //___ M is a fibered
F-subalgebra of the fibered F-algebra p[A] if homomorphism of fibered F-algebras
A′ → A is fiber embedding. 
The homomorphism of fibered F-algebra is essential part of this definition. We
can break continuity, if we just limit ourselves to the fact of the existence of F-
subalgebra in each fiber.
We defined an operation based reduced Cartesian product of bundles. Suppose
we defined an operation based Cartesian product of bundles. Then the operation
is defined for any elements of the bundle. However, since p(ai) = p(bi), i = 1,
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..., n, then p(ω(a1, ..., an)) = p(ω(b1, ..., bn)). Therefore, the operation is defined
between fibers. We can map this operation to base using projection. This structure
is not different from quotient F-algebra and does not create new element in bundle
theory. The same time mapping between different maps of bundle and opportunity
to define an operation over sections create problems for this structure.
6. Representation of Fibered F-Algebra
Definition 6.1. We call the fibered map
T : E → E
transformation of bundle, if respective fiber map
tx : Ex → Ex
is transformation of a fiber. 
Theorem 6.2. Let U be open set of base M such that there exists a local chart of
the bundle p[E]. Let t be transformation of bundle p[E]. Let x ∈M and p′ = tx(p)
in fiber Ex. Then for an open set V ⊆ M , x ∈ V and for an open set W ′ ⊆ E,
p′ ∈W ′ there exists an open set W ⊆ E, p ∈ W such that if x1 ∈ V , p1 ∈W , then
p′1 = tx1(p1) ∈ W
′.
Proof. According to [11], page 44, sets V ×W , where V forms base of topology of
space U and W forms base of topology of space E, form base of topology of space
E .
Since map t is continuous, then for open set V ×W ′ there exists open set V ×W
such, that t(V ×W ) ⊆ V ×W ′. This is the statement of theorem. 
Theorem 6.3. Transformation of bundle p[E] maps section into section.
Proof. We define the image of section s over transformation t using commutative
diagram
E
t // E
M
s
``
s′
>>
Continuity of map s′ follows from theorem 6.2. 
Definition 6.4. Transformation of bundle is left-side transformation or T⋆-
transformation of bundle if it acts from left
u′ = tu
We denote ⋆E or ⋆p[E] or the set of nonsingular T⋆-transformations of bundle
p[E]. 
Definition 6.5. Transformations is right-side transformations or ⋆T -trans-
formation of bundle if it acts from right
u′ = ut
We denote E⋆ or p[A]⋆ the set of nonsingular ⋆T -transformations of bundle p[E]. 
We denote e identical transformation of bundle.
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Remark 6.6. Since we define T⋆-transformation of bundle by fiber, then set ⋆p[E]
is bundle isomorphic to the bundle p[⋆E]. Since ⋆E = EE , we can define compact-
open topology in fiber. This gives us an ability to answer on question: how close are
transformations, arising in neighboring fibers. Let us assume that transformations
t(x), t(x1) are close if there exists open set WK,U ⊂ EE , t(x) ∈ WK,U , t(x1) ∈
WK,U . 
Definition 6.7. Suppose we defined the structure of fibered F-algebra on the set
⋆p[A] ([2]). Let p[B] be fibered F-algebra. We call homomorphism of fibered F-
algebras
(6.1) f : p[B]→ ⋆p[A]
left-side representation or T⋆-representation of fibered F-algebra p[B]. 
Definition 6.8. Suppose we defined the structure of fibered F-algebra on the set
p[A]⋆ ([2]). Let p[B] be fibered F-algebra. We call homomorphism of fibered F-
algebras
f : p[B]→ p[A]⋆
right-side representation or ⋆T -representation of fibered F-algebra p[B].

We extend to bundle representation theory convention described in remark [5]-
2.2.14. We can write duality principle in the following form
Theorem 6.9 (duality principle). Any statement which holds for T⋆-representation
of fibered F-algebra p[A] holds also for ⋆T -representation of fibered F-algebra p[A].
There are two ways to define a T⋆-representation of F-algebra B in the bundle
p[A]. We can define or T⋆-representation in the fiber, either define T⋆-represen-
tation in the set Γ(p[A]). In the former case the representation defines the same
transformation in all fibers. In the later case the picture is less restrictive, however
we do not have the whole picture of the diversity of representations in the bun-
dle. Studying the representation of the fibered F-algebra, we point out that rep-
resentations in different fibers are independent. Demand of smooth dependence of
transformation on fiber put additional constrains for T⋆-representation of fibered F-
algebra. The same time this constrain allows learn T⋆-representation of the fibered
F-algebra when in the fiber there defined F-algebra with parameters (for instance,
the structure constants of Lie group) smooth dependent on fiber.
Remark 6.10. Using diagrams we can express definition 6.7 the following way.
E E ′
p′   B
B
B
B
ϕ // E ′
p′~~|
|
|
|
M
α
OO
F // M ′
8@
Map F is injection. Because we expect that representation of fibered F-algebra
acts in each fiber, then we see that map F is bijection. Without loss of generality,
we assume that M = M ′ and map F is the identity map. We tell that we define
the representation of the fibered F-algebra p[B] in the bundle p[A] over the set M .
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Since we know the base of the bundle, then to reduce details on the diagram we
will describe the representation using the following diagram
E E ′
ϕ // E ′
M
α
OO
:B

Theorem 6.11. Let F be T⋆-representation of fibered F-algebra A in bundle q[E].
Then for open set V ⊂ M , x ∈ V and for open set WK,U ⊂ EE, F(x, p) ∈ WK,U
there exists open set W ⊂ A, p ∈ W such that x1 ∈ V , p1 ∈ W as soon as
F(x1, p1) ∈WK,U .
Proof. The statement of theorem is corollary of continuity of map F and definition
of topology of bundle A. 
Theorem 6.12. Let F be T⋆-representation of fibered F-algebra A in bundle q[E].
Let a be section of bundle A. Then for open set V ⊂ M , x ∈ V and for open set
WK,U ⊂ EE, F id(a)(x) ∈ WK,U there exists open set W ⊂ A, a(x) ∈ W such that
x1 ∈ V , a(x1) ∈W as soon as F id(a)(x1) ∈WK,U .
Proof. This is corollary of theorem 6.11. 
Definition 6.13. Suppose map (6.1) is an isomorphism of the fibered F-algebra
p[B] into ⋆p[A]. Then the T⋆-representation of the fibered F-algebra p[B] is called
effective. 
Remark 6.14. Suppose the T⋆-representation of fibered F-algebra A is effective.
Then we identify a section of fibered F-algebra A and its image and write T⋆-
transformation caused by section a ∈ Γ(A) as
v′ = av
Suppose the ⋆T -representation of F-algebra A is effective. Then we identify a
section of fibered F-algebra A and its image and write ⋆T -transformation caused
by section a ∈ Γ(A) as
v′ = va

Definition 6.15. We call a T⋆-representation F of fibered F-algebra p[A] tran-
sitive if T⋆-representation Fx of F-algebra Ax is transitive for any x. We call
a T⋆-representation of fibered F-algebra single transitive if it is transitive and
effective. 
Theorem 6.16. Let set E be locally compact. A T⋆-representation F of fibered F-
algebra
r[A] : A //___ M
in the bundle
p[E] : E //___ M
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is transitive if for any sections a, b ∈ Γ(E) exists such section g ∈ Γ(A) that
b = F id(g)a
Proof. Let a, b ∈ Γ(E) be sections. In fiber E(x), these sections define elements
a(x), b(x) ∈ E(x). According to definition 6.15 g(x) ∈ A(x) is defined such that
b(x) = F id(g(x))a(x)
Let UM be open set of base M such that there exists a local chart of the bundle
p[E], x ∈ UM . Let W ′ ⊆ E is an open set, b(x) ∈ W ′. Then according to theorem
6.2 there exists an open set W ⊆ E, a(x) ∈ W such that if x1 ∈ UM , a(x1) ∈ W ,
then b(x1) = F id(g)(x1)(a(x1)) ∈W ′.
If closure W is compact, then let us assume K = W . Assume that closure W
is not compact. Then there exists open set W (x), a(x) ∈ W (x) such that W (x) is
compact. Similarly there exists open set W (x1), a(x1) ∈ W (x1) such that W (x1)
is compact. Set V =W ∩ (W (x)∪W (x1)) is open, a(x) ∈ V , a(x1) ∈ V , closure V
is compact. Assume that K = V .
Let U(x) be neighborhood of the set g(x)K. Let U(x1) be neighborhood of the
set g(x1)K. Assume that U = W
′ ∪ U(x) ∪ U(x1). Then WK,U ⊂ EE is open set,
F id(g)(x) ∈ WK,U , F id(g)(x1) ∈WK,U .
According to theorem 6.12 there exists open set S ⊂ A, g(x) ∈ S, g(x1) ∈ S. 
Theorem 6.17. Let set E be locally compact. A T⋆-representation F of fibered F-
algebra
r[A] : A //___ M
in the bundle
p[E] : E //___ M
is single transitive if and only if for any sections a, b ∈ Γ(E) exists one and only
one section g ∈ Γ(A) such that
b = F id(g)a
Proof. Corollary of definitions 6.13, 6.15 and theorem 6.16. 
7. Fibered Morphism
Theorem 7.1. Let us consider fibered equivalence s[S] : S //___ M on the bundle
p[E] : E //___ M . Then there exists bundle
t[E/S] : E/S //___ M
called quotient bundle of bundle E by the equivalence S. Fibered morphism
natS : E → E/S
is called fibered natural morphism or fibered identification morphism.
Proof. Let us consider the commutative diagram
(7.1) E
natS //
p[E] ?
?
?
? E/S
t[E/S]}}{
{
{
{
M
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We introduce in E/S quotient topology ([11], page 33), demanding continuity of
mapping natS. According to proposition [11]-I.3.6 mapping t[E/S] is continuous.
Because we defined equivalence S only between points of the same fiber E,
equivalence classes belong to the same fiber E/S (compare with the remark to
proposition [11]-I.3.6). 
Let f : A → B be fibered morphism, base of which is identity mapping. Accord-
ing to definition [7]-4.8 there exists inverse reduced fibered correspondence f−1.
According to theorems [7]-4.7 and [7]-5.2 f−1 ◦ f is 2-ary fibered relation.
Theorem 7.2. Fibered relation S = f−1 ◦f is fibered equivalence on the bundle A.
There exists decomposition of fibered morphism f into product of fibered morphisms
f = itj
A/S
t // f(A)
i

A
j
OO
f // B
j = natS is the natural homomorphism
j(a) = j(a)
t is isomorphism
r(a) = t(j(a))
i is the inclusion mapping
r(a) = i(r(a))
Proof. We verify the statement of theorem in fiber. We need also to check that
equivalence depends continuously on fiber. 
8. Free T⋆-Representation of Fibered Group
Mapping natS does not create bundle, because different equivalence classes are
not homeomorphic in general. However the proof of theorem 7.1 suggests to the
construction which reminds the construction designed in [12], pages 16 - 17.
Definition 8.1. Consider T⋆-representation f of fibered group p[G] in bundle M.
A fibered little group or fibered stability group of h ∈ Γ(M) is the set
Gh = {g ∈ Γ(G) : f(g)h = h}

Definition 8.2. T⋆-representation f of group G is said to be free, if for any x ∈M
stability group Gx = {e}. 
Theorem 8.3. Given free T⋆-representation f of group G in the set A, there
exist 1− 1 correspondence between orbits of representation, as well between orbit of
representation and group G.
Proof. 
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Let us consider covariant free T⋆-representation f of fibered group p[G] in fiber
p[E]. This T⋆-representation determines fibered equivalence S on a[E], (p, q) ∈ S
when p and q belong to common orbit. Since the representation in every fiber is
free, all equivalence classes are homeomorphic to group G. Therefore, the mapping
natS is projection of the bundle natS[G] : E //___ E/S . We also use notation
S = G⋆. We may represent diagram (7.1) in the following form
E
natS[G]
''N
NN
NN
NN
p[E]







E/S
t[E/S]
wwp p
p p
p p
p
M
Bundle natS[G] is called bundle of level 2.
Example 8.4. Let us consider the representation of rotation group SO(2) in R2.
All points except the point (0, 0) have trivial little group. Hence, we defined free
representation of group SO(2) in set R2 \ {(0, 0)}.
We cannot use this idea in case of bundle p[R2] and representation of fibered
group t[SO(2)]. Let S be relation of fibered equivalence. The bundle p[R2 \
{(0, 0)}]/t[SO(2)]⋆ is not complete. As a consequence passage to the limit may bring
into non-existent fiber. Therefore we prefer to consider bundle p[R2]/t[SO(2)]⋆,
keeping in mind, that fiber over point (x, 0, 0) is degenerate. 
We simplify the notation and represent this construction as
p[E2, E1] : E2 //___ E1 //___ M
where we consider bundles
p2[E2] : E2 //___ E1 p1[E1] : E1 //___ M
Similarly we consider bundle of level n
(8.1) p[En, ..., E1] : En //___ ... //___ E1 //___ M
The sequence of bundles (8.1) is called tower of bundles. I made this definition
by analogy with Postnikov tower ([13]). Postnikov tower is the tower of bundles.
Fiber of bundle of level n is homotopy group of order n. Such definitions are well
known, however I gave definition of tower of bundles, because it follows in a natural
way from the text above.
One more example of tower of bundles attracted my attention ([14], [15], chapter
2). We consider the set J0(n,m) of 0-jets of functions from Rn to Rm as base. We
consider the set Jp(n,m) of p-jets of functions from Rn to Rm as bundle of level p.
9. Morphism of T⋆-Representations of Fibered F-Algebra
Definition 9.1. Let us consider T⋆-representation
F : A → ⋆P
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of fibered F-algebra a[A] : A //___ M in bundle p[P ] : P //___ M and T⋆-rep-
resentation
G : b[B]→ ⋆q[Q]
of fibered F-algebra b[B] in bundle q[Q]. Tuple of mappings
(9.1) ( C : A → B, R : P → Q )
such, that C is homomorphism of fibered F-algebra and
(9.2) R(F(a)m) = G(C(a))R(m)
is called morphism of fibered T⋆-representations from F into G. We also
say thatmorphism of T⋆-representations of fibered F-algebra is defined. 
We represent morphism of T⋆-representations of fibered F-algebra as diagram
P
F(g)

R // Q
G(C(g))

P
R // Q
A
C // B
M
g
``
C(g)
>>
F
;C
G
[c
Therefore morphism of T⋆-representations of fibered F-algebra is morphism of T⋆-
representations of F-algebra in fiber.
Theorem 9.2. Given single transitive T⋆-representation
F : A → ⋆P
of fibered F-algebra a[A] : A //___ M in bundle p[P ] : P //___ M and single tran-
sitive T⋆-representation
G : b[B]→ ⋆q[Q]
of fibered F-algebra b[B] in bundle q[Q], there exists morphism
( C : A → B, R : P → Q )
of fibered T⋆-representations from F into G.
Proof. Corollary of theorem 2.5 and definition 9.1. 
Theorem 9.3. Let
F : A → ⋆M
be T⋆-representation of fibered F-algebra A,
G : B → ⋆N
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be T⋆-representation of fibered F-algebra B,
H : C → ⋆L
be T⋆-representation of fibered F-algebra C. Given morphisms of T⋆-representations
of fibered F-algebra
( U : A → B, P :M→N )
( V : B → C, Q : N → L )
There exists morphism of T⋆-representations of F-algebra
( W : A → C, R :M→ L )
where W = UV, R = PQ. We call morphism (W ,R) of fibered T⋆-representations
from F into H product of morphisms (U ,P) and (V ,Q) of T⋆-representa-
tions of fibered F-algebra.
Proof. The mapping W is homomorphism of fibered F-algebra A into fibered F-
algebra C. We need to show that tuple of mappings (W ,R) satisfies (2.3):
R(F(a)m) = QP(F(a)m)
= Q(G(U(a))P(m))
= H(VU(a))QP(m))
= H(W(a))R(m)

Theorem 9.4. Let
F : A → ⋆D
be T⋆-representation of fibered F-algebra A,
G : B → ⋆E
be T⋆-representation of fibered F-algebra B. Let
( R1 : A → B, R2 : D → E )
be morphism of fibered representations from F into G. Suppose
S1 = R1R
−1
1 S2 = R2R
−1
2
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Then there exist decompositions of R1 and R2, which we describe using diagram
D/S2
T2 // R2D
I2

A/S1
T1 // R1A
I1

A
R1
//
J1
OO
(1)
B D/S2
T2 //
F1(J1a)
ZZ4444444444444444
R2D
I2

G1(R1a)
EE
D
R2
//
J2
OO
(2)
F(a)







E
G(R1a)
7
77
77
77
77
77
77
7
M
a
KK
J1a
TT
R1a
HH
R1a
JJ
D
J2
OO
R2
// E
F -5
F1
$,
G1
19kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk
kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk
G
&.
• s = ker R1 is a congruence on A. There exists decompositions of homo-
morphism R1
(9.3) R1 = I1T1J1
J1 = nat s is the natural homomorphism
(9.4) J1(a) = J1(a)
T1 is isomorphism
(9.5) R1(a) = T1(J1(a))
I1 is the inclusion mapping
(9.6) R1(a) = I1(R1(a))
• S2 = ker R2 is an equivalence on D. There exists decompositions of homo-
morphism R2
(9.7) R2 = I2T2J2
J2 = nat S2 is surjection
(9.8) J2(m) = J2(m)
T2 is bijection
(9.9) R2(m) = T2(J2(m))
I2 is the inclusion mapping
(9.10) R2(m) = I2(R2(m))
• F1 is T⋆-representation of F-algebra A/S1 in D/S2
• G1 is T⋆-representation of F-algebra R1A in R2D
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• There exists decompositions of morphism of representations
(R1,R2) = (I1, I2)(T1, T2)(J1,J2)
Proof. From theorem 7.2 it follows the validity of diagrams (1), (2). We check the
statement of theorem in fiber and it follows from theorem 2.10. 
10. Vector Bundle over Skew-Field
To define T⋆-representation
F : R→ ⋆V
of fibered ring R on the bundle V we need to define the structure of the fibered
ring on the bundle ⋆V .
Theorem 10.1. T⋆-representation F of the fibered ring R on the bundle V is
defined iff T⋆-representations of fibered multiplicative and additive groups of the
fibered ring R are defined and these fibered T⋆-representations hold relationship
F(a(b + c)) = F(a)F(b) + F(a)F(c)
Proof. Theorem follows from definition 6.7. 
Theorem 10.2. T⋆-representation of the fibered skew field D is effective iff T⋆-
representation of its fibered multiplicative group is effective.
Proof. According to definitions 6.13 and 5.8 we check the statement of theorem in
fiber. The statement of theorem in fiber is corollary of theorem [5]-4.1.3. 
According to the remark 6.14, since the representation of the fibered skew field
is effective, we identify a section of the fibered skew field and T⋆-transformation
corresponding to this section.
Definition 10.3. V is a D⋆-vector bundle over a fibered skew field D if V is a
fibered Abelian group and there exists effective T⋆-representation of fibered skew
field D. Section of D⋆-vector bundle is called a D⋆-vector field. 
Theorem 10.4. Following conditions hold for D⋆-vector fields:
• associative law
(10.1) (ab)m = a(bm)
• distributive law
a(m+ n) = am+ an(10.2)
(a+ b)m = am+ bm(10.3)
• unitarity law
(10.4) 1m = m
for any a, b ∈ Γ(D), m,n ∈ Γ(V). We call T⋆-representation D⋆-product of
vector field over scalar.
Proof. We check the statement of theorem in fiber and this statement is corollary
of theorem [5]-4.1.5. 
Definition 10.5. Let V be a D⋆-vector bundle over a fibered skew field D. Subbun-
dle N ⊂ V is a subbundle of D⋆-vector space V if a+ b ∈ Γ(N ) and ka ∈ Γ(N )
for any a, b ∈ Γ(N ) and for any k ∈ Γ(D). 
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Definition 10.6. Suppose u, v ∈ Γ(V) are D⋆-vector fields. We call vector field w
D⋆-linear composition of vector fields u and v when we can write w = au+ bv
where a and b are scalars. 
Remark 10.7. We extend to vector bundle and its type convention described in
remark [5]-4.2.6. We assume that the fiber of D∗∗-vector bundle is D∗∗-vector
space. 
11. D∗∗-Basis of Vector Bundle
Definition 11.1. Vector fields aa, a ∈ I of D
∗
∗-vector bundle V are D
∗
∗-linearly
independent if c = 0 follows from the equation
c∗∗a = 0
Otherwise vector fields aa are D∗∗-linearly dependent. 
Definition 11.2. We call set of vector fields e = (ae,a ∈ I) a D∗∗-basis for vec-
tor bundle if vectors ae are D∗∗-linearly independent and adding to this system
any other vector we get a new system which is D∗∗-linearly dependent. 
Theorem 11.3. If e is a D∗∗-basis of vector space V then any vector field v ∈ V
has one and only one expansion
(11.1) v = v∗∗e
relative to this D∗∗-basis.
Proof. We check the statement of theorem in fiber and this statement is corollary
of theorem [5]-4.3.3. 
Definition 11.4. We call the matrix v in expansion (11.1) coordinate matrix
of vector field v in D∗∗-basis e and we call its elements coordinates of vector
field v in D∗∗-basis e. 
According to construction we execute all operation over vector field in fiber.
Therefore we can use methods of theory of D∗∗-vector space in most cases. How-
ever there is difference. Coordinate matrix as well coordinates of vector field is
function of coordinates of point on the base.4 This leads to different circumstances.
For instance, D∗∗-linear dependence of vector fields in fiber is conditioned by the
singularity of coordinate matrix of corresponding vectors. This is one of the reason
why we have problem to define dimention when we consider D∗∗-vector bundle over
ring of sections Γ(D). Considering D∗∗-vector bundle as fibered representation, we
get more flexibility in definition of D∗∗-basis.
Theorem 11.5. Set of coordinates a of vector field a relative D∗∗-basis e forms
D∗∗-vector bundle Dn isomorphic D∗∗-vector bundle V. This D∗∗-vector bundle
is called coordinate D∗∗-vector bundle. This isomorphism is called fibered
coordinate D∗∗-isomorphism.
Proof. Suppose vectors a and b ∈ V have expansion
a = a∗∗e
b = b∗∗e
4However I keep open the question about continuity of this function.
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relative basis e. Then
a+ b = a∗∗e+ b
∗
∗e = (a+ b)
∗
∗e
ma = m(a∗∗e) = (ma)
∗
∗e
for any m ∈ D. Thus, operations in a vector bundle are defined by coordinates
(a+ b)a = aa + ba
(ma)a = maa
This completes the proof. 
Since we defined linear composition in fiber the duality principle stated in theo-
rems [5]-4.3.8, [5]-4.3.9 holds for vector bundles.
12. D∗∗-Linear Map of Vector Bundles
Definition 12.1. SupposeA is S∗∗-vector bundle. Suppose B is T ∗∗-vector bundle.
Morphism
F : S // T H : A // B
of T⋆-representations of fibered skew field in fibered Abelian group is called (S∗∗, T ∗∗)-
linear map of vector bundles. 
By theorem 9.4 studying (S∗∗, T ∗∗)-linear map we can consider case S = T .
Definition 12.2. Suppose A and B are D∗∗-vector bundles. We call map
(12.1) H : A → B
D∗∗-linear map of vector bundles if
(12.2) H(a∗∗m) = a
∗
∗H(m)
for any aa ∈ Γ(D), am ∈ Γ(A). 
Theorem 12.3. Let f = (af,a ∈ I) be a D∗∗-basis of vector bundle A and
e = (be, b ∈ J) be a D∗∗-basis of vector bundle B. Then D∗∗-linear map (12.1) of
vector bundles has presentation
(12.3) b = a∗∗H
relative to selected bases. Here
• a is coordinate matrix of vector field a relative the D∗∗-basis f
• b is coordinate matrix of vector field
b = H(a)
relative the D∗∗-basis e
• H is coordinate matrix of set of vectors fields (H(af)) in D∗∗-basis e called
matrix of fibered D∗∗-linear map relative bases f and e
Proof. Vector field a ∈ Γ(A) has expansion
a = a∗∗f
relative to D∗∗-basis f . Vector field b = f(a) ∈ Γ(B) has expansion
(12.4) b = b∗∗e
relative to D∗∗-basis e.
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Since H is a D∗∗-linear map, from (12.2) it follows that
(12.5) b = H(a) = H(a∗∗f) = a
∗
∗H(f)
H(af) is also a vector field of vector bundle B and has expansion
(12.6) H(af) = aH
∗
∗e = aH
b
be
relative to basis e. Combining (12.5) and (12.6) we get
(12.7) b = a∗∗H
∗
∗e
(12.3) follows from comparison of (12.4) and (12.7) and theorem 11.3. 
On the basis of theorem 12.3 we identify the fibered D∗∗-linear map (12.1) of
vector spaces and the matrix of its presentation (12.3).
Theorem 12.4. Let
f = (af,a ∈ I)
be a D∗∗-basis of vector bundles A,
e = (be, b ∈ J)
be a D∗∗-basis of vector bundles B, and
g = (cg, c ∈ L)
be a D∗∗-basis of vector bundles C. Suppose diagram of D∗∗-linear maps
A
H //
F
@
@@
@@
@@
C
B
G
??
is commutative diagram where D∗∗-linear map F has presentation
(12.8) b = a∗∗F
relative to selected bases and D∗∗-linear map G has presentation
(12.9) c = b∗∗G
relative to selected bases. Then D∗∗-linear map H has presentation
(12.10) c = a∗∗F
∗
∗G
relative to selected bases.
Proof. Proof of the statement follows from substituting (12.8) into (12.9). 
Presenting D∗∗-linear map as
∗
∗-product we can rewrite (12.2) as
(12.11) (ka)∗∗F = k(a
∗
∗F)
We can expres the statement of the theorem 12.4 in the next form
(12.12) (a∗∗F)
∗
∗G = a
∗
∗(F
∗
∗G)
Equations (12.11) and (12.12) represent the associative law for D∗∗-linear maps
of vector bundles. This allows us writing of such expressions without using of
brackets.
Equation (12.3) is coordinate notation for fibered D∗∗-linear map. Based theo-
rem 12.3 non coordinate notation also can be expressed using ∗∗-product
(12.13) b = a∗∗F = a
∗
∗f
∗
∗F = a
∗
∗F
∗
∗e
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If we substitute equation (12.13) into theorem 3.4, then we get chain of equations
c = b∗∗G = b
∗
∗e
∗
∗G = b
∗
∗G
∗
∗g
c = a∗∗F
∗
∗G = a
∗
∗f
∗
∗F
∗
∗G = a
∗
∗F
∗
∗G
∗
∗g
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Ìîðèçì T⋆-ïðåäñòàâëåíèé
Àëåêñàíäð Êëåéí
Àííîòàöèÿ. Çíà÷èìîñòü òåîðåì îá èçîìîðèçìàõ ñîñòîèò â òîì, ÷òî îíè
ïîçâîëÿþò îòîæäåñòâëÿòü ðàçëè÷íûå ìàòåìàòè÷åñêèå îáúåêòû, èìåþùèå
íå÷òî îáùåå ñ òî÷êè çðåíèÿ íåêîòîðîé ìîäåëè. Ýòà ñòàòüÿ èçó÷àåò ìîð-
èçìû T⋆-ïðåäñòàâëåíèé F-àëãåáðû è ìîðèçìû T⋆-ïðåäñòàâëåíèé ðàñ-
ñëîåííîé F-àëãåáðû.
Ýòà ñòàòüÿ âîçíèêëà íà ïåðåñå÷åíèè äâóõ èññëåäîâàíèé, êîòîðûå ÿ âåäó ïà-
ðàëëåëüíî. Ïåðâàÿ ïîëîâèíà ñòàòüè ïîñâÿùåíà ìîðèçìàì T⋆-ïðåäñòàâëåíèé
F-àëãåáðû. Âòîðàÿ ïîëîâèíà ñòàòüè ðàññìàòðèâàåò ìîðèçìû T⋆-ïðåäñòàâëå-
íèé ðàññëîåííîé F-àëãåáðû. àññìàòðèâàåìûå êîíñòðóêöèè âîçíèêëè â ðåçóëü-
òàòå èçó÷åíèÿ D∗∗-ëèíåéíûõ îòîáðàæåíèé, êîòîðûå ÿâëÿþòñÿ ìîðèçìàìè
T⋆-ïðåäñòàâëåíèé òåëà â àáåëåâîé ãðóïïå. Ïîýòîìó ÿ èñïîëüçóþ D∗∗-ëèíåé-
íûå îòîáðàæåíèÿ â êà÷åñòâå èëëþñòðàöèè èçëàãàåìîé òåîðèè.
1. Ïðåäñòàâëåíèå F-àëãåáðû
Îïðåäåëåíèå 1.1. Ìû áóäåì íàçûâàòü îòîáðàæåíèå
t :M →M
ïðåîáðàçîâàíèåì ìíîæåñòâà M . 
Îïðåäåëåíèå 1.2. Ïðåîáðàçîâàíèå íàçûâàåòñÿ ëåâîñòîðîííèì ïðåîáðàçî-
âàíèåì èëè T⋆-ïðåîáðàçîâàíèåì, åñëè îíî äåéñòâóåò ñëåâà
u′ = tu
Ìû áóäåì îáîçíà÷àòü
⋆M ìíîæåñòâî T⋆-ïðåîáðàçîâàíèé ìíîæåñòâà M .
Åñëè íà ìíîæåñòâå M îïðåäåëåíà ñòðóêòóðà H-àëãåáðû ([2℄), òî ìíîæåñòâî
⋆M ñîñòîèò èç T⋆-ïðåîáðàçîâàíèé, ÿâëÿþùèõñÿ ãîìîìîðèçìàìè H-àëãåáðû.

Îïðåäåëåíèå 1.3. Ïðåîáðàçîâàíèå íàçûâàåòñÿ ïðàâîñòîðîííèì ïðåîáðà-
çîâàíèåì èëè ⋆T -ïðåîáðàçîâàíèåì, åñëè îíî äåéñòâóåò ñïðàâà
u′ = ut
Ìû áóäåì îáîçíà÷àòü M⋆ ìíîæåñòâî ⋆T -ïðåîáðàçîâàíèé ìíîæåñòâà M .
Åñëè íà ìíîæåñòâå M îïðåäåëåíà ñòðóêòóðà H-àëãåáðû ([2℄), òî ìíîæåñòâî
M⋆ ñîñòîèò èç ⋆T -ïðåîáðàçîâàíèé, ÿâëÿþùèõñÿ ãîìîìîðèçìàìè H-àëãåáðû.

Ìû áóäåì îáîçíà÷àòü δ òîæäåñòâåííîå ïðåîáðàçîâàíèå.
Aleks_KleynMailAPS.org.
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Îïðåäåëåíèå 1.4. Ïóñòü íà ìíîæåñòâå
⋆M îïðåäåëåíà ñòðóêòóðà F-àëãåáðû
([2℄). Ïóñòü A ÿâëÿåòñÿ F-àëãåáðîé. Ìû áóäåì íàçûâàòü ãîìîìîðèçì
(1.1) f : A→ ⋆M
ëåâîñòîðîííèì èëè T⋆-ïðåäñòàâëåíèåì F-àëãåáðû A â ìíîæåñòâå M

Îïðåäåëåíèå 1.5. Ïóñòü íà ìíîæåñòâå M⋆ îïðåäåëåíà ñòðóêòóðà F-àëãåáðû
([2℄). Ïóñòü A ÿâëÿåòñÿ F-àëãåáðîé. Ìû áóäåì íàçûâàòü ãîìîìîðèçì
f : A→M⋆
ïðàâîñòîðîííèì èëè ⋆T -ïðåäñòàâëåíèåì F-àëãåáðû A â ìíîæåñòâå M

Ìû ðàñïðîñòðàíèì íà òåîðèþ ïðåäñòàâëåíèé ñîãëàøåíèå, îïèñàííîå â çà-
ìå÷àíèè [5℄-2.2.14. Ìû ìîæåì çàïèñàòü ïðèíöèï äâîéñòâåííîñòè â ñëåäóþùåé
îðìå
Òåîðåìà 1.6 (ïðèíöèï äâîéñòâåííîñòè). Ëþáîå óòâåðæäåíèå, ñïðàâåäëèâîå
äëÿ T⋆-ïðåäñòàâëåíèÿ F-àëãåáðû A, áóäåò ñïðàâåäëèâî äëÿ ⋆T -ïðåäñòàâëåíèÿ
F-àëãåáðû A.
Äèàãðàììà
M
f(a) // M
A
f
KS
îçíà÷àåò, ÷òî ìû ðàññìàòðèâàåì ïðåäñòàâëåíèå F-àëãåáðû A. Îòîáðàæåíèå
f(a) ÿâëÿåòñÿ îáðàçîì a ∈ A.
Îïðåäåëåíèå 1.7. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå F-àëãåáðû A ý-
åêòèâíûì, åñëè îòîáðàæåíèå (1.1) - èçîìîðèçì F-àëãåáðû A â ⋆M . 
Çàìå÷àíèå 1.8. Åñëè T⋆-ïðåäñòàâëåíèå F-àëãåáðû ýåêòèâíî, ìû ìîæåì îòîæ-
äåñòâëÿòü ýëåìåíò F-àëãåáðû ñ åãî îáðàçîì è çàïèñûâàòü T⋆-ïðåîáðàçîâàíèå,
ïîðîæä¼ííîå ýëåìåíòîì a ∈ A, â îðìå
v′ = av
Åñëè ⋆T -ïðåäñòàâëåíèå F-àëãåáðû ýåêòèâíî, ìû ìîæåì îòîæäåñòâëÿòü ýëå-
ìåíò F-àëãåáðû ñ åãî îáðàçîì è çàïèñûâàòü ⋆T -ïðåîáðàçîâàíèå, ïîðîæä¼ííîå
ýëåìåíòîì a ∈ A, â îðìå
v′ = va

Îïðåäåëåíèå 1.9. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå F-àëãåáðû òðàíçè-
òèâíûì, åñëè äëÿ ëþáûõ a, b ∈ V ñóùåñòâóåò òàêîå g, ÷òî
a = f(g)b
Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå F-àëãåáðû îäíîòðàíçèòèâíûì, åñëè
îíî òðàíçèòèâíî è ýåêòèâíî. 
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Òåîðåìà 1.10. T⋆-ïðåäñòàâëåíèå îäíîòðàíçèòèâíî òîãäà è òîëüêî òîãäà,
êîãäà äëÿ ëþáûõ a, b ∈ M ñóùåñòâóåò îäíî è òîëüêî îäíî g ∈ A òàêîå, ÷òî
a = f(g)b
Äîêàçàòåëüñòâî. Ñëåäñòâèå îïðåäåëåíèé 1.7 è 1.9. 
Åñëè íà ìíîæåñòâå M îïðåäåëåíà äîïîëíèòåëüíàÿ ñòðóêòóðà, ìû ïðåäúÿâ-
ëÿåì ê ïðåäñòàâëåíèþ F-àëãåáðû äîïîëíèòåëüíûå òðåáîâàíèÿ.
Ïóñòü íà ìíîæåñòâå M îïðåäåëåíà ñòðóêòóðà àëãåáðû òèïà H. Òîãäà ìû
ïîëàãàåì, ÷òî T⋆-ïðåîáðàçîâàíèå
u′ = f(a)u
ÿâëÿåòñÿ àâòîìîðèçìîì àëãåáðû òèïà H ëèáî îòðàæàåò ñèììåòðèè àëãåáðû
òèïà H.
Åñëè íà ìíîæåñòâå M îïðåäåëåíî ïîíÿòèå íåïðåðûâíîñòè, òî ìû ïîëàãàåì,
÷òî T⋆-ïðåîáðàçîâàíèå
u′ = f(a)u
íåïðåðûâíî ïî u è, ñëåäîâàòåëüíî,
∣∣∣∣
∂u′
∂u
∣∣∣∣ 6= 0
2. Ìîðèçì T⋆-ïðåäñòàâëåíèé F-àëãåáðû
Òåîðåìà 2.1. Ïóñòü A è B - F-àëãåáðû. T⋆-ïðåäñòàâëåíèå F-àëãåáðû B
f : B → ⋆M
è ãîìîìîðèçì F-àëãåáðû
(2.1) h : A→ B
îïðåäåëÿþò T⋆-ïðåäñòàâëåíèå F-àëãåáðû A
A
h
@
@@
@@
@@
f // ⋆M
B
g
=={{{{{{{{
Äîêàçàòåëüñòâî. Îòîáðàæåíèå h ÿâëÿåòñÿ ãîìîìîðèçìîì F-àëãåáðû A â F-
àëãåáðó
⋆M , òàê êàê îòîáðàæåíèå f ÿâëÿåòñÿ ãîìîìîðèçìîì F-àëãåáðû B â
F-àëãåáðó ⋆M . 
Åñëè ìû èçó÷àåì ïðåäñòàâëåíèå F-àëãåáðû â ìíîæåñòâàõ M è N , òî íàñ
èíòåðåñóþò îòîáðàæåíèÿ èç M â N , ñîõðàíÿþùèå ñòðóêòóðó ïðåäñòàâëåíèÿ.
Îïðåäåëåíèå 2.2. àññìîòðèì T⋆-ïðåäñòàâëåíèå
f : A→ ⋆M
F-àëãåáðû A â M è T⋆-ïðåäñòàâëåíèå
g : B → ⋆N
F-àëãåáðû B â N . Ïàðà îòîáðàæåíèé (r, R)
(2.2) r : A // B R :M // N
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òàêèõ, ÷òî r - ãîìîìîðèçì F-àëãåáðû è
(2.3) R(f(a)m) = g(r(a))R(m)
íàçûâàåòñÿ ìîðèçìîì T⋆-ïðåäñòàâëåíèé èç f â g. Ìû òàêæå áóäåì ãî-
âîðèòü, ÷òî îïðåäåë¼í ìîðèçì T⋆-ïðåäñòàâëåíèé F-àëãåáðû. 
Çàìå÷àíèå 2.3. àññìîòðèì ìîðèçì T⋆-ïðåäñòàâëåíèé (2.2). Ìû ìîæåì îáî-
çíà÷àòü ýëåìåíòû ìíîæåñòâà B, ïîëüçóÿñü áóêâîé ïî îáðàçöó b ∈ B. Íî åñëè
ìû õîòèì ïîêàçàòü, ÷òî b ÿâëÿåòñÿ îáðàçîì ýëåìåíòà a ∈ A, ìû áóäåì ïîëüçî-
âàòüñÿ îáîçíà÷åíèåì r(a). Òàêèì îáðàçîì, ðàâåíñòâî
r(a) = r(a)
îçíà÷àåò, ÷òî f(a) (â ëåâîé ÷àñòè ðàâåíñòâà) ÿâëÿåòñÿ îáðàçîì a ∈ A (â ïðàâîé
÷àñòè ðàâåíñòâà). Ïîëüçóÿñü ïîäîáíûìè ñîîáðàæåíèÿìè, ìû áóäåì îáîçíà÷àòü
ýëåìåíò ìíîæåñòâà N â âèäå R(m). Ìû áóäåì ñëåäîâàòü ýòîìó ñîãëàùåíèþ,
èçó÷àÿ ñîîòíîøåíèÿ ìåæäó ãîìîìîðèçìàìè F-àëãåáð è îòîáðàæåíèÿìè ìåæ-
äó ìíîæåñòâàìè, ãäå îïðåäåëåíû ñîîòâåòñòâóþùèå T⋆-ïðåäñòàâëåíèÿ.
Ìû ìîæåì èíòåðïðåòèðîâàòü (2.3) äâóìÿ ñïîñîáàìè
• Ïóñòü T⋆-ïðåîáðàçîâàíèå f(a) îòîáðàæàåò m ∈ M â f(a)m. Òîãäà T⋆-
ïðåîáðàçîâàíèå g(r(a)) îòîáðàæàåò R(m) ∈ N â R(f(a)m).
• Ìû ìîæåì ïðåäñòàâèòü ìîðèçì ïðåäñòàâëåíèé èç f â g, ïîëüçóÿñü
äèàãðàììîé
M
f(a)

R // N
g(r(a))

(1)
M
R // N
A
r //
f
BJ


B
g
BJ


Èç (2.3) ñëåäóåò, ÷òî äèàãðàììà (1) êîììóòàòèâíà.

Òåîðåìà 2.4. àññìîòðèì T⋆-ïðåäñòàâëåíèå
f : A→ ⋆M
F-àëãåáðû A è T⋆-ïðåäñòàâëåíèå
g : B → ⋆N
F-àëãåáðû B. Ìîðèçì
h : A // B H : M // N
T⋆-ïðåäñòàâëåíèé èç f â g óäîâëåòâîðÿåò ñîîòíîøåíèþ
(2.4) H(ω(f(a1), ..., f(an))m) = ω(g(h(a1)), ..., g(h(an)))H(m)
äëÿ ïðîèçâîëüíîé n-àðíîé îïåðàöèè ω F-àëãåáðû.
4
Àëåêñàíäð Êëåéí
Ìîðèçì T⋆-ïðåäñòàâëåíèé
Äîêàçàòåëüñòâî. Òàê êàê f - ãîìîìîðèçì, ìû èìååì
(2.5) H(ω(f(a1), ..., f(an))m) = H(f(ω(a1, ..., an))m)
Èç (2.3) è (2.5) ñëåäóåò
(2.6) H(ω(f(a1), ..., f(an))m) = g(h(ω(a1, ..., an)))H(m)
Òàê êàê h - ãîìîìîðèçì, èç (2.6) ñëåäóåò
(2.7) H(ω(f(a1), ..., f(an))m) = g(ω(h(a1), ..., h(an)))H(m)
Òàê êàê g - ãîìîìîðèçì, èç (2.7) ñëåäóåò (2.4). 
Òåîðåìà 2.5. Åñëè T⋆-ïðåäñòàâëåíèå
f : A→ ⋆M
F-àëãåáðû A îäíîòðàíçèòèâíî è T⋆-ïðåäñòàâëåíèå
g : B → ⋆N
F-àëãåáðû B îäíîòðàíçèòèâíî, òî ñóùåñòâóåò ìîðèçì
p : A // B P :M // N
T⋆-ïðåäñòàâëåíèé èç f â g.
Äîêàçàòåëüñòâî. Âûáåðåì ãîìîìîðèçì h. Âûáåðåì ýëåìåíò m ∈ M è ýëå-
ìåíò n ∈ N . ×òîáû ïîñòðîèòü îòîáðàæåíèå H , ðàññìîòðèì ñëåäóþùóþ äèà-
ãðàììó
M
a

H // N
p(a)

(1)
M
H // N
A
p //
f
BJ


B
g
BJ


Èç êîììóòàòèâíîñòè äèàãðàììû (1) ñëåäóåò
H(am) = p(a)H(m)
Äëÿ ïðîèçâîëüíîãî m′ ∈ M îäíîçíà÷íî îïðåäåë¼í a ∈ A òàêîé, ÷òî m′ = am.
Ñëåäîâàòåëüíî, ìû ïîñòðîèëè îòîáðàæåíèè H , êîòîðîå óäîâëåòâîðÿåò ðàâåí-
ñòâó (2.3). 
Òåîðåìà 2.6. Åñëè T⋆-ïðåäñòàâëåíèå
f : A→ ⋆M
F-àëãåáðû A îäíîòðàíçèòèâíî, òî äëÿ ëþáîãî àâòîìîðèçìà F-àëãåáðû A ñó-
ùåñòâóåò ìîðèçì
p : A // A P :M // M
T⋆-ïðåäñòàâëåíèé èç f â f .
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Äîêàçàòåëüñòâî. àññìîòðèì ñëåäóþùóþ äèàãðàììó
M
a

H // N
p(a)

(1)
M
H // N
A
p //
f
BJ


A
g
BJ


Óòâåðæäåíèå òåîðåìû ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû 2.5. 
Òåîðåìà 2.7. Ïóñòü
f : A→ ⋆M
T⋆-ïðåäñòàâëåíèå F-àëãåáðû A,
g : B → ⋆N
T⋆-ïðåäñòàâëåíèå F-àëãåáðû B,
h : C → ⋆L
T⋆-ïðåäñòàâëåíèå F-àëãåáðû C. Ïóñòü îïðåäåëåíû ìîðèçìû T⋆-ïðåäñòàâëå-
íèé F-àëãåáðû
p : A // B P :M // N
q : B // C Q : N // L
Òîãäà îïðåäåë¼í ìîðèçì T⋆-ïðåäñòàâëåíèé F-àëãåáðû
r : A // C R :M // L
ãäå r = qp, R = QP . Ìû áóäåì íàçûâàòü ìîðèçì (r, R) T⋆-ïðåäñòàâëåíèé
èç f â h ïðîèçâåäåíèåì ìîðèçìîâ (p, P ) è (q,Q) T⋆-ïðåäñòàâëåíèé F-
àëãåáðû.
Äîêàçàòåëüñòâî. Îòîáðàæåíèå r ÿâëÿåòñÿ ãîìîìîðèçìîì F-àëãåáðû A â F-
àëãåáðó C. Íàì íàäî ïîêàçàòü, ÷òî ïàðà îòîáðàæåíèé (r, R) óäîâëåòâîðÿåò
(2.3):
R(f(a)m) = QP (f(a)m)
= Q(g(p(a))P (m))
= h(qp(a))QP (m))
= h(r(a))R(m)

Ïðåäñòàâëåíèÿ è ìîðèçìû ïðåäñòàâëåíèé F-àëãåáðû ïîðîæäàþò êàòåãî-
ðèþ ïðåäñòàâëåíèé F-àëãåáðû.
Îïðåäåëåíèå 2.8. Ïóñòü íà ìíîæåñòâåM îïðåäåëåíà ýêâèâàëåíòíîñòü S. T⋆-
ïðåîáðàçîâàíèå f íàçûâàåòñÿ ñîãëàñîâàííûì ñ ýêâèâàëåíòíîñòüþ S, åñëè
èç óñëîâèÿ m1 ≡ m2(modS) ñëåäóåò fm1 ≡ fm2(modS).
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Òåîðåìà 2.9. Ïóñòü íà ìíîæåñòâåM îïðåäåëåíà ýêâèâàëåíòíîñòü S. Ïóñòü
íà ìíîæåñòâå
⋆M îïðåäåëåíà F-àëãåáðà. Åñëè T⋆-ïðåîáðàçîâàíèÿ ñîãëàñîâàí-
íû ñ ýêâèâàëåíòíîñòüþ S, òî ìû ìîæåì îïðåäåëèòü ñòðóêòóðó F-àëãåáðû
íà ìíîæåñòâå
⋆(M/S).
Äîêàçàòåëüñòâî. Ïóñòü h = nat S. Åñëè m1 ≡ m2(modS), òî h(m1) = h(m2).
Ïîñêîëüêó f ∈ ⋆M ñîãëàñîâàííî ñ ýêâèâàëåíòíîñòüþ S, òî h(f(m1)) = h(f(m2)).
Ýòî ïîçâîëÿåò îïðåäåëèòü T⋆-ïðåîáðàçîâàíèå F ñîãëàñíî ïðàâèëó
F ([m]) = h(f(m))
Ïóñòü ω - n-àðíàÿ îïåðàöèÿ F-àëãåáðû. Ïóñòü f1, ..., fn ∈ ⋆M è
F1([m]) = h(f1(m)) ... Fn([m]) = h(fn(m))
Ìû îïðåäåëèì îïåðàöèþ íà ìíîæåñòâå
⋆(M/S) ïî ïðàâèëó
ω(F1, ..., Fn)[m] = h(ω(f1, ..., fn)m)
Ýòî îïðåäåëåíèå êîððåêòíî, òàê êàê ω(f1, ..., fn) ∈ ⋆M è ñîãëàñîâàííî ñ ýêâè-
âàëåíòíîñòüþ S. 
Òåîðåìà 2.10. Ïóñòü
f : A→ ⋆M
T⋆-ïðåäñòàâëåíèå F-àëãåáðû A,
g : B → ⋆N
T⋆-ïðåäñòàâëåíèå F-àëãåáðû B. Ïóñòü
r : A // B R :M // N
ìîðèçì ïðåäñòàâëåíèé èç f â g. Ïîëîæèì
s = rr−1 S = RR−1
Òîãäà äëÿ îòîáðàæåíèé r, R ñóùåñòâóþò ðàçëîæåíèÿ, êîòîðûå ìîæíî îïè-
ñàòü äèàãðàììîé
M/S
T //
(5)
(4) (6)
RM
I

A/s
t //
F
%-
rA
i

G
.6dddddddddddddddddddddddddddddddddddddddddd
dddddddddddddddddddddddddddddddddddddddddd M/S
T //
F (j(a))
aaDDDDDDDDDDDDDDDDD
RM
I

G(r(a))
==||||||||||||||||||
A r
//
j
OO
(1)
f 19
B
g
)1ZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ
ZZZZZZZ M R
//
J
OO
(2)
f(a)
||yy
yy
yy
yy
yy
yy
yy
yy
yy
N
g(r(a))
!!D
DD
DD
DD
DD
DD
DD
DD
DD
M
J
OO
R
//
(3)
N
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• s = ker r ÿâëÿåòñÿ êîíãðóýíöèåé íà A. Ñóùåñòâóåò ðàçëîæåíèå ãî-
ìîìîðèçìà r
(2.8) r = itj
j = nat s - åñòåñòâåííûé ãîìîìîðèçì
(2.9) j(a) = j(a)
t - èçîìîðèçì
(2.10) r(a) = t(j(a))
i - âëîæåíèå
(2.11) r(a) = i(r(a))
• S = ker R ÿâëÿåòñÿ ýêâèâàëåíòíîñòüþ íà M . Ñóùåñòâóåò ðàçëîæå-
íèå îòîáðàæåíèÿ R
(2.12) R = ITJ
J = nat S - ñþðúåêöèÿ
(2.13) J(m) = J(m)
T - áèåêöèÿ
(2.14) R(m) = T (J(m))
I - âëîæåíèå
(2.15) R(m) = I(R(m))
• F - T⋆-ïðåäñòàâëåíèå F-àëãåáðû A/s â M/S
• G - T⋆-ïðåäñòàâëåíèå F-àëãåáðû rA â RM
• Ñóùåñòâóåò ðàçëîæåíèå ìîðèçìà ïðåäñòàâëåíèé
(r, R) = (i, I)(t, T )(j, J)
Äîêàçàòåëüñòâî. Ñóùåñòâîâàíèå äèàãðàììû (1) ñëåäóåò èç òåîðåìû II.3.7 ([8℄,
ñ. 74). Ñóùåñòâîâàíèå äèàãðàììû (2) ñëåäóåò èç òåîðåìû I.3.1 ([8℄, ñ. 28).
Ìû íà÷í¼ì ñ äèàãðàììû (4).
Ïóñòü m1 ≡ m2(mod S). Ñëåäîâàòåëüíî,
(2.16) R(m1) = R(m2)
Åñëè a1 ≡ a2(mods), òî
(2.17) r(a1) = r(a2)
Ñëåäîâàòåëüíî, j(a1) = j(a2). Òàê êàê (r, R) - ìîðèçì ïðåäñòàâëåíèé, òî
(2.18) R(f(a1)m1) = g(r(a1))R(m1)
(2.19) R(f(a2)m2) = g(r(a2))R(m2)
Èç (2.16), (2.17), (2.18), (2.19) ñëåäóåò
(2.20) R(f(a1)m1) = R(f(a2)m2)
Èç (2.20) ñëåäóåò
(2.21) f(a1)m1 ≡ f(a2)m2(modS)
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è, ñëåäîâàòåëüíî,
(2.22) J(f(a1)m1) = J(f(a2)m2)
Èç (2.22) ñëåäóåò, ÷òî îòîáðàæåíèå
(2.23) F (j(a))(J(m)) = J(f(a)m))
îïðåäåëåíî êîððåêòíî è ÿâëÿåòñÿ T⋆-ïðåîáðàçîâàíèåì ìíîæåñòâà M/S.
Èç ðàâåíñòâà (2.21) (â ñëó÷àå a1 = a2) ñëåäóåò, ÷òî äëÿ ëþáîãî a T⋆-ïðå-
îáðàçîâàíèå ñîãëàñîâàííî ñ ýêâèâàëåíòíîñòüþ S. Èç òåîðåìû 2.9 ñëåäóåò, ÷òî
íà ìíîæåñòâå
⋆(M/S) îïðåäåëåíà ñòðóêòóðà F-àëãåáðû. àññìîòðèì n-àðíóþ
îïåðàöèþ ω è n T⋆-ïðåîáðàçîâàíèé
F (j(ai))J(m) = J(f(ai)m)) i = 1, ..., n
ïðîñòðàíñòâà M/S. Ìû ïîëîæèì
ω(F (j(a1)), ..., F (j(an)))J(m) = J(ω(f(a1), ..., f(an)))m)
Ñëåäîâàòåëüíî, îòîáðàæåíèå F ÿâëÿåòñÿ ïðåäñòàâëåíèåì F-àëãåáðû A/s.
Èç (2.23) ñëåäóåò, ÷òî (j, J) ÿâëÿåòñÿ ìîðèçìîì ïðåäñòàâëåíèé f è F .
àññìîòðèì äèàãðàììó (5).
Òàê êàê T - áèåêöèÿ, òî ìû ìîæåì îòîæäåñòâèòü ýëåìåíòû ìíîæåñòâàM/S
è ìíîæåñòâà MR, ïðè÷¼ì ýòî îòîæäåñòâëåíèå èìååò âèä
(2.24) T (J(m)) = R(m)
Ìû ìîæåì çàïèñàòü T⋆-ïðåîáðàçîâàíèå F (j(a)) ìíîæåñòâà M/S â âèäå
(2.25) F (j(a)) : J(m)→ F (j(a))J(m)
Òàê êàê T - áèåêöèÿ, òî ìû ìîæåì îïðåäåëèòü T⋆-ïðåîáðàçîâàíèå
(2.26) T (J(m))→ T (F (j(a))J(m))
ìíîæåñòâà RM . T⋆-ïðåîáðàçîâàíèå (2.26) çàâèñèò îò j(a) ∈ A/s. Òàê êàê t -
áèåêöèÿ, òî ìû ìîæåì îòîæäåñòâèòü ýëåìåíòû ìíîæåñòâà A/s è ìíîæåñòâà
rA, ïðè÷¼ì ýòî îòîæäåñòâëåíèå èìååò âèä
t(j(a)) = r(a)
Ñëåäîâàòåëüíî, ìû îïðåäåëèëè îòîáðàæåíèå
G : rA→ ⋆RM
ñîãëàñíî ðàâåíñòâó
(2.27) G(t(j(a)))T (J(m)) = T (F (j(a))J(m))
àññìîòðèì n-àðíóþ îïåðàöèþ ω è n T⋆-ïðåîáðàçîâàíèé
G(r(ai))R(m) = T (F (j(ai))J(m)) i = 1, ..., n
ïðîñòðàíñòâà RM . Ìû ïîëîæèì
ω(G(r(a1)), ..., G(r(an)))R(m) = T (ω(F (j(a1), ..., F (j(an)))J(m))
Ñîãëàñíî (2.27) îïåðàöèÿ ω êîððåêòíî îïðåäåëåíà íà ìíîæåñòâå ⋆RM . Ñëåäî-
âàòåëüíî, îòîáðàæåíèå G ÿâëÿåòñÿ ïðåäñòàâëåíèåì F-àëãåáðû.
Èç (2.27) ñëåäóåò, ÷òî (t, T ) ÿâëÿåòñÿ ìîðèçìîì ïðåäñòàâëåíèé F è G.
Äèàãðàììà (6) ÿâëÿåòñÿ ñàìûì ïðîñòûì ñëó÷àåì â íàøåì äîêàçàòåëüñòâå.
Ïîñêîëüêó îòîáðàæåíèå I ÿâëÿåòñÿ âëîæåíèåì è äèàãðàììà (2) êîììóòàòèâíà,
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ìû ìîæåì îòîæäåñòâèòü n ∈ N è R(m), åñëè n ∈ ImR. Àíàëîãè÷íî, ìû ìîæåì
îòîæäåñòâèòü ñîîòâåòñòâóþùèå T⋆-ïðåîáðàçîâàíèÿ.
(2.28) g′(i(r(a)))I(R(m)) = I(G(r(a))R(m))
ω(g′(r(a1)), ..., g
′(r(an)))R(m) = I(ω(G(r(a1), ..., G(r(an)))R(m))
Ñëåäîâàòåëüíî, (i, I) ÿâëÿåòñÿ ìîðèçìîì ïðåäñòàâëåíèé G è g.
Äëÿ äîêàçàòåëüñòâà òåîðåìû îñòàëîñü ïîêàçàòü, ÷òî îïðåäåë¼ííîå â ïðîöåññå
äîêàçàòåëüñòâà T⋆-ïðåäñòàâëåíèå g′ ñîâïàäàåò ñ ïðåäñòàâëåíèåì g, à îïåðàöèè
íàä ïðåîáðàçîâàíèÿìè ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè îïåðàöèÿìè íà
⋆N .
g′(i(r(a)))I(R(m)) = I(G(r(a))R(m)) ñîãëàñíî (2.28)
= I(G(t(j(a)))T (J(m))) ñîãëàñíî (2.10), (2.14)
= IT (F (j(a))J(m)) ñîãëàñíî (2.27)
= ITJ(f(a)m) ñîãëàñíî (2.23)
= R(f(a)m) ñîãëàñíî (2.12)
= g(r(a))R(m) ñîãëàñíî (2.3)
ω(G(r(a1)), ..., G(r(an)))R(m) = T (ω(F (j(a1), ..., F (j(an)))J(m))
= T (F (ω(j(a1), ..., j(an)))J(m))
= T (F (j(ω(a1, ..., an)))J(m))
= T (J(f(ω(a1, ..., an))m))

Èç òåîðåìû 2.10 ñëåäóåò, ÷òî ìû ìîæåì ñâåñòè çàäà÷ó èçó÷åíèÿ ìîðèçìà
T⋆-ïðåäñòàâëåíèé F-àëãåáðû ê ñëó÷àþ, îïèñûâàåìîìó äèàãðàììîé
(2.29) M
f(a)

J // M/S
F (j(a))

M
J // M/S
A
j //
f
CK


A/s
F
@H
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Òåîðåìà 2.11. Äèàãðàììà (2.29) ìîæåò áûòü äîïîëíåíà T⋆-ïðåäñòàâëåíè-
åì F1 F-àëãåáðû A â ìíîæåñòâå M/S òàê, ÷òî äèàãðàììà
(2.30) M
f(a)

J // M/S
F (j(a))

M
J // M/S
A
j //
f
CK


F1
4<qqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqq
A/s
F
@H
































êîììóòàòèâíà. Ïðè ýòîì ìíîæåñòâî T⋆-ïðåîáðàçîâàíèé T⋆-ïðåäñòàâëåíèÿ
F è ìíîæåñòâî T⋆-ïðåîáðàçîâàíèé T⋆-ïðåäñòàâëåíèÿ F1 ñîâïàäàþò.
Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîëîæèòü
F1(a) = F (j(a))
Òàê êàê îòîáðàæåíèå j - ñþðüåêöèÿ, òî ImF1 = ImF . Òàê êàê j è F - ãîìîìîð-
èçìû F-àëãåáðû, òî F1 - òàêæå ãîìîìîðèçì F-àëãåáðû. 
Òåîðåìà 2.11 çàâåðøàåò öèêë òåîðåì, ïîñâÿù¼ííûõ ñòðóêòóðå ìîðèçìà T⋆-
ïðåäñòàâëåíèé F-àëãåáðû. Èç ýòèõ òåîðåì ñëåäóåò, ÷òî ìû ìîæåì óïðîñòèòü
çàäà÷ó èçó÷åíèÿ ìîðèçìà T⋆-ïðåäñòàâëåíèé F-àëãåáðû è îãðàíè÷èòüñÿ ìîð-
èçìîì T⋆-ïðåäñòàâëåíèé âèäà
id : A // A R :M // N
Â ýòîì ñëó÷àå ìû ìîæåì îòîæäåñòâèòü ìîðèçì (id, R) T⋆-ïðåäñòàâëåíèé F-
àëãåáðû è îòîáðàæåíèå R.
Îïðåäåëåíèå 2.12. Ïóñòü
f : A→ ⋆M
T⋆-ïðåäñòàâëåíèå F-àëãåáðû A â H-àëãåáðå M è
g : B → ⋆N
T⋆-ïðåäñòàâëåíèå F-àëãåáðû B â H-àëãåáðå N . Ìîðèçì (h,H) T⋆-ïðåäñòàâëå-
íèé àëãåáðû òèïà F íàçûâàåòñÿ ìîðèçìîì T⋆-ïðåäñòàâëåíèé F-àëãåáðû
â H-àëãåáðå. 
3. D∗∗-ëèíåéíîå îòîáðàæåíèå âåêòîðíûõ ïðîñòðàíñòâ
Îïðåäåëåíèå 3.1. Ïóñòü A - S∗∗-âåêòîðíîå ïðîñòðàíñòâî. Ïóñòü B - T ∗∗-
âåêòîðíîå ïðîñòðàíñòâî. Ìû áóäåì íàçûâàòü ìîðèçì
f : S // T A : A // B
T⋆-ïðåäñòàâëåíèé òåëà â àáåëåâîé ãðóïïå (S∗∗, T
∗
∗)-ëèíåéíûì îòîáðàæå-
íèåì âåêòîðíûõ ïðîñòðàíñòâ. 
Ñîãëàñíî òåîðåìå 2.10 ïðè èçó÷åíèè (S∗∗, T
∗
∗)-ëèíåéíîãî îòîáðàæåíèÿ ìû
ìîæåì îãðàíè÷èòüñÿ ñëó÷àåì S = T .
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Îïðåäåëåíèå 3.2. Ïóñòü A è B - D∗∗-âåêòîðíûå ïðîñòðàíñòâà. Ìû áóäåì
íàçûâàòü îòîáðàæåíèå
(3.1) A : A → B
D∗∗-ëèíåéíûì îòîáðàæåíèåì âåêòîðíûõ ïðîñòðàíñòâ, åñëè
1
(3.2) A(a∗∗m) = a
∗
∗A(m)
äëÿ ëþáûõ aa ∈ D, am ∈ A. 
Òåîðåìà 3.3. Ïóñòü f = (af,a ∈ I) - D∗∗-áàçèñ â âåêòîðíîì ïðîñòðàíñòâå
A è e = (be, b ∈ J) - D∗∗-áàçèñ â âåêòîðíîì ïðîñòðàíñòâå B. Òîãäà D∗∗-
ëèíåéíîå îòîáðàæåíèå (3.1) âåêòîðíûõ ïðîñòðàíñòâ èìååò ïðåäñòàâëåíèå
(3.3) b = a∗∗A
îòíîñèòåëüíî çàäàííûõ áàçèñîâ. Çäåñü
• a - êîîðäèíàòíàÿ ìàòðèöà âåêòîðà a îòíîñèòåëüíî D∗∗-áàçèñà f
• b - êîîðäèíàòíàÿ ìàòðèöà âåêòîðà
b = A(a)
îòíîñèòåëüíî D∗∗-áàçèñà e
• A - êîîðäèíàòíàÿ ìàòðèöà ìíîæåñòâà âåêòîðîâ (A(af)) â D∗∗-áàçèñå
e, êîòîðóþ ìû áóäåì íàçûâàòü ìàòðèöåé D∗∗-ëèíåéíîãî îòîáðà-
æåíèÿ îòíîñèòåëüíî áàçèñîâ f è e
Äîêàçàòåëüñòâî. Âåêòîð a ∈ A èìååò ðàçëîæåíèå
a = a∗∗f
îòíîñèòåëüíî D∗∗-áàçèñà f . Âåêòîð b = f(a) ∈ B èìååò ðàçëîæåíèå
(3.4) b = b∗∗e
îòíîñèòåëüíî D∗∗-áàçèñà e.
Òàê êaê A - D∗∗-ëèíåéíîå îòîáðàæåíèå, òî íà îñíîâàíèè (3.2) ñëåäóåò, ÷òî
(3.5) b = A(a) = A(a∗∗f) = a
∗
∗A(f)
A(af) òàêæå âåêòîð âåêòîðíîãî ïðîñòðàíñòâà B è èìååò ðàçëîæåíèå
(3.6) A(af) = aA
∗
∗e = aA
b
be
îòíîñèòåëüíî áàçèñà e. Êîìáèíèðóÿ (3.5) è (3.6), ìû ïîëó÷àåì
(3.7) b = a∗∗A
∗
∗e
(3.3) ñëåäóåò èç ñðàâíåíèÿ (3.4) è (3.7) è òåîðåìû [5℄-4.3.3. 
Íà îñíîâàíèè òåîðåìû 3.3 ìû èäåíòèèöèðóåì D∗∗-ëèíåéíîå îòîáðàæåíèå
(3.1) âåêòîðíûõ ïðîñòðàíñòâ è ìàòðèöó åãî ïðåäñòàâëåíèÿ (3.3).
Òåîðåìà 3.4. Ïóñòü
f = (af,a ∈ I)
D∗∗-áàçèñ â âåêòîðíîì ïðîñòðàíñòâå A,
e = (be, b ∈ J)
1
Âûðàæåíèå a∗∗A(m) îçíà÷àåò âûðàæåíèå aa A(am)
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D∗∗-áàçèñ â âåêòîðíîì ïðîñòðàíñòâå B, è
g = (cg, c ∈ L)
D∗∗-áàçèñ â âåêòîðíîì ïðîñòðàíñòâå C. Ïðåäïîëîæèì, ÷òî ìû èìååì êîì-
ìóòàòèâíóþ äèàãðàììó D∗∗-ëèíåéíûõ îòîáðàæåíèé
A
C //
A
@
@@
@@
@@
C
B
B
??
ãäå D∗∗-ëèíåéíîå îòîáðàæåíèå A èìååò ïðåäñòàâëåíèå
(3.8) b = a∗∗A
îòíîñèòåëüíî çàäàííûõ áàçèñîâ è D∗∗-ëèíåéíîå îòîáðàæåíèå B èìååò ïðåä-
ñòàâëåíèå
(3.9) c = b∗∗B
îòíîñèòåëüíî çàäàííûõ áàçèñîâ. Òîãäà D∗∗-ëèíåéíîå îòîáðàæåíèå C èìååò
ïðåäñòàâëåíèå
(3.10) c = a∗∗A
∗
∗B
îòíîñèòåëüíî çàäàííûõ áàçèñîâ.
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî óòâåðæäåíèÿ ñëåäóåò èç ïîäñòàíîâêè (3.8) â
(3.9). 
Çàïèñûâàÿ D∗∗-ëèíåéíîå îòîáðàæåíèå â îðìå
∗
∗-ïðîèçâåäåíèÿ, ìû ìîæåì
ïåðåïèñàòü (3.2) â âèäå
(3.11) (ka)∗∗A = k(a
∗
∗A)
Óòâåðæäåíèå òåîðåìû 3.4 ìû ìîæåì çàïèñàòü â âèäå
(3.12) (a∗∗A)
∗
∗B = a
∗
∗(A
∗
∗B)
àâåíñòâà (3.11) è (3.12) ïðåäñòàâëÿþò ñîáîé çàêîí àññîöèàòèâíîñòè äëÿ
D∗∗-ëèíåéíûõ îòîáðàæåíèé âåêòîðíûõ ïðîñòðàíñòâ. Ýòî ïîçâîëÿåò íàì
ïèñàòü ïîäîáíûå âûðàæåíèÿ íå ïîëüçóÿñü ñêîáêàìè.
àâåíñòâî (3.3) ÿâëÿåòñÿ êîîðäèíàòíîé çàïèñüþ D∗∗-ëèíåéíîãî îòîáðàæå-
íèÿ. Íà îñíîâå òåîðåìû 3.3 áåñêîîðäèíàòíàÿ çàïèñü òàêæå ìîæåò áûòü ïðåä-
ñòàâëåíà ñ ïîìîùüþ
∗
∗-ïðîèçâåäåíèÿ
(3.13) b = a∗∗A = a
∗
∗f
∗
∗A = a
∗
∗A
∗
∗e
Åñëè ïîäñòàâèòü ðàâåíñòâî (3.13) â òåîðåìó 3.4, òî ìû ïîëó÷èì öåïî÷êó ðà-
âåíñòâ
c = b∗∗B = b
∗
∗e
∗
∗B = b
∗
∗B
∗
∗g
c = a∗∗A
∗
∗B = a
∗
∗f
∗
∗A
∗
∗B = a
∗
∗A
∗
∗B
∗
∗g
Çàìå÷àíèå 3.5. Íà ïðèìåðå D∗∗-ëèíåéíûõ îòîáðàæåíèé ëåãêî âèäåòü íàñêîëü-
êî òåîðåìà 2.10 îáëåã÷àåò íàøè ðàññóæäåíèÿ ïðè èçó÷åíèè ìîðèçìà T⋆-ïðåä-
ñòàâëåíèé F-àëãåáðû. Äîãîâîðèìñÿ â ðàìêàõ ýòîãî çàìå÷àíèÿ òåîðèþ D∗∗-ëè-
íåéíûõ îòîáðàæåíèé íàçûâàòü ñîêðàù¼ííîé òåîðèåé, à òåîðèþ, èçëàãàåìóþ â
ýòîì çàìå÷àíèè, íàçûâàòü ðàñøèðåííîé òåîðèåé.
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Ïóñòü A - S∗∗-âåêòîðíîå ïðîñòðàíñòâî. Ïóñòü B - T ∗∗-âåêòîðíîå ïðîñòðàí-
ñòâî. Ïóñòü
f : S // T A : A // B
(S∗∗, T
∗
∗)-ëèíåéíîå îòîáðàæåíèå âåêòîðíûõ ïðîñòðàíñòâ. Ïóñòü f = (af,a ∈
I) - S∗∗-áàçèñ â âåêòîðíîì ïðîñòðàíñòâå A è e = (be, b ∈ J) - T ∗∗-áàçèñ â
âåêòîðíîì ïðîñòðàíñòâå B.
Èç îïðåäåëåíèé 3.1 è 2.2 ñëåäóåò
(3.14) b = A(a) = A(a∗∗f) = f(a)
∗
∗A(f)
A(af) òàêæå âåêòîð âåêòîðíîãî ïðîñòðàíñòâà B è èìååò ðàçëîæåíèå
(3.15) A(af) = aA
∗
∗e = aA
b
be
îòíîñèòåëüíî áàçèñà e. Êîìáèíèðóÿ (3.14) è (3.15), ìû ïîëó÷àåì
(3.16) b = f(a)∗∗A
∗
∗e
Ïóñòü C - D∗∗-âåêòîðíîå ïðîñòðàíñòâî. Ïóñòü
g : T // D B : B // C
(T ∗∗, D
∗
∗)-ëèíåéíîå îòîáðàæåíèå âåêòîðíûõ ïðîñòðàíñòâ. Ïóñòü h = (ah,a ∈
K) - D∗∗-áàçèñ â âåêòîðíîì ïðîñòðàíñòâå C. Òîãäà, ñîãëàñíî (3.16), ïðîèçâå-
äåíèå (S∗∗, T
∗
∗)-ëèíåéíîãî îòîáðàæåíèÿ (f,A) è (T
∗
∗, D
∗
∗)-ëèíåéíîãî îòîáðà-
æåíèÿ (g,B) èìååò âèä
(3.17) c = gf(a)∗∗g(A)
∗
∗B
∗
∗h
Ñîïîñòàâëåíèå ðàâåíñòâ (3.10) è (3.17) ïîêàçûâàåò íàñêîëüêî ðàññøèðåíàÿ òåî-
ðèÿ ëèíåéíûõ îòîáðàæåíèé ñëîæíåå ñîêðàù¼ííîé òåîðèè.
Ïðè íåîáõîäèìîñòè ìû ìîæåì ïîëüçîâàòüñÿ ðàññøèðåíîé òåîðèåé, íî ìû íå
ïîëó÷èì íîâûõ ðåçóëüòàòîâ ïî ñðàâíåíèþ ñî ñëó÷àåì ñîêðàù¼ííîé òåîðèåé. Â
òî æå âðåìÿ îáèëèå äåòàëåé äåëàåò êàðòèíó ìåíåå ÿñíîé è òðåáóåò ïîñòîÿííîãî
âíèìàíèÿ. 
4. àññëîåíèå
Äîïóñòèì M - ìíîãîîáðàçèå è
(4.1) p[E] : E //___ M
ðàññëîåíèå íàäM ñî ñëîåì E.2 Ñèìâîë p[E] îçíà÷àåò, ÷òî E ÿâëÿåòñÿ òèïè÷íûì
ñëîåì ðàññëîåíèÿ. Ìíîæåñòâî E ÿâëÿåòñÿ îáëàñòüþ îïðåäåëåíèÿ îòîáðàæåíèÿ
p[E]. Ìíîæåñòâî M ÿâëÿåòñÿ îáëàñòüþ çíà÷åíèé îòîáðàæåíèÿ p[E]. Ìû áóäåì
îòîæäåñòâëÿòü íåïðåðûâíîå îòîáðàæåíèå p[E] è ðàññëîåíèå (4.1). Îòîáðàæåíèå
p íàçûâàåòñÿ ïðîåêöèåé ðàññëîåíèÿ E âäîëü ñëîÿ E. Îáîçíà÷èì ÷åðåç
Γ(p[E]) ìíîæåñòâî ñå÷åíèé ðàññëîåíèÿ p[E].
2
Òàê êàê ìíå ïðèä¼òñÿ èìåòü äåëî ñ ðàçëè÷íûìè ðàññëîåíèÿìè, ÿ áóäó ïîëüçîâàòüñÿ
ñëåäóþùèì ñîãëàøåíèåì. Äëÿ îáîçíà÷åíèÿ ðàññëîåíèÿ è ñëîÿ ÿ áóäó ïîëüçîâàòüñÿ îäíîé è
òîé æå áóêâîé â ðàçíûõ àëàâèòàõ.
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Îïðåäåëåíèå 4.1. Ïðîñòðàíñòâî íàçûâàåòñÿ ëîêàëüíî êîìïàêòíûì â òî÷-
êå p, åñëè ñóùåñòâóåò îòêðûòîå ìíîæåñòâî U , p ∈ U , çàìûêàíèå êîòîðîãî U
êîìïàêòíî. Ïðîñòðàíñòâî íàçûâàåòñÿ ëîêàëüíî êîìïàêòíûì, åñëè îíî ëî-
êàëüíî êîìïàêòíî â êàæäîé ñâîåé òî÷êå.
3

Îïðåäåëåíèå 4.2. Ïóñòü äàíû òîïîëîãèè T1, T2 â ìíîæåñòâå X . îâîðÿò, ÷òî
T1 ìàæîðèðóåò T2 è ÷òî T2 ìàæîðèðóåòñÿ T1, åñëè òîæäåñòâåííîå îòîáðàæåíèå
X1 → X2, ãäå Xi - ìíîæåñòâî X , íàäåë¼ííîå òîïîëîãèåé Ti, i = 1, 2, íåïðåðûâ-
íî. Åñëè T1 6= T2, òî ãîâîðÿò, ÷òî T1 ñèëüíåå T2 è T2 ñëàáåå T1. 
Ïóñòü òîïîëîãèÿ T1 â ìíîæåñòâå X ìàæîðèðóåò òîïîëîãèþ T2. àññìîòðèì
äèàãðàììó
X1
id

g1
&&NN
NNN
NNN
NNN
NN
Y
f1
88ppppppppppppp
f2 &&NN
NNN
NNN
NNN
NN Z
X2
g2
88ppppppppppppp
Ñîãëàñíî îïðåäåëåíèþ 4.2, åñëè îòîáðàæåíèå f1 - íåïðåðûâíî, òî íåïðåðûâíî
îòîáðàæåíèå f2. Àíàëîãè÷íî, åñëè îòîáðàæåíèå g2 - íåïðåðûâíî, òî íåïðåðûâíî
îòîáðàæåíèå g1.
Ïóñòü p[E] : E //___ M - ðàññëîåíèå. àññìîòðèì îòêðûòîå ìíîæåñòâî U ⊂
M òàêîå, ÷òî ñóùåñòâóåò ëîêàëüíàÿ òðèâèàëèçàöèÿ ϕ
U × E
ϕ //
p
""E
E
E
E
E E|U
p[E]~~|
|
|
|
U
Òàê êàê ϕ ãîìåîìîðèçì, òî òîïîëîãèè â U×E è E|U ñðàâíèìû. Òàê êàê U×E
- äåêàðòîâî ïðîèçâåäåíèå òîïîëîãè÷åñêèõ ïðîñòðàíñòâ U è E, òî ìû îïðåäåëèì
â E|U ñëàáåéøóþ èç òîïîëîãèé, ïðè êîòîðûõ íåïðåðûâíà ïðîåêöèÿ p[E] ([11℄,
ñòð. 37).
Îòíîøåíèå r â E òàêîå, ÷òî (p, q) ∈ r òîãäà è òîëüêî òîãäà, êîãäà p è q
ïðèíàäëåæàò îäíîìó ñëîþ, ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè. p[E] - åñòå-
ñòâåííîå îòîáðàæåíèå. àññìîòðèì äèàãðàììó
E
p[E]



g
''NN
NNN
NNN
NNN
NN
M
f
// N
Èç íåïðåðûâíîñòè îòîáðàæåíèÿ f ñëåäóåò íåïðåðûâíîñòü îòîáðàæåíèÿ g. Ñëå-
äîâàòåëüíî, ìû ìîæåì îïðåäåëèòü â M àêòîðòîïîëîãèþ, ñèëüíåéøóþ èç òî-
ïîëîãèé, ïðè êîòîðûõ p[E] íåïðåðûâíî ([11℄, ñòð. 39).
Äåêàðòîâà ñòåïåíü A ìíîæåñòâà B - ýòî ìíîæåñòâî BA îòîáðàæåíèé
f : A→ B ([8℄, ñòð. 18). àññìîòðèì ïîäìíîæåñòâà BA âèäà
WK,U = {f : A→ B|f(K) ⊂ U}
3
ß ñëåäóþ îïðåäåëåíèþ èç [4℄, ñ. 71.
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ãäå K - êîìïàêòíîå ïîäìíîæåñòâî ïðîñòðàíñòâà A, U - îòêðûòîå ïîäìíîæå-
ñòâî ïðîñòðàíñòâà B. Ìíîæåñòâà WK,U îáðàçóþò áàçèñ òîïîëîãèè ïðîñòðàí-
ñòâà BA. Ýòà òîïîëîãèÿ íàçûâàåòñÿ êîìïàêòíî-îòêðûòîé òîïîëîãèåé. Äå-
êàðòîâà ñòåïåíü A ìíîæåñòâà B, ñíàáæ¼ííàÿ êîìïàêòíî-îòêðûòîé òîïîëîãèåé
íàçûâàåòñÿ, ïðîñòðàíñòâîì îòîáðàæåíèé ([9℄, ñòð. 213).
Ñîãëàñíî [9℄, ñòð. 214 äëÿ äàííûõ ïðîñòðàíñòâ A, B, C, D è îòîáðàæåíèé
f : A→ C, g : D → B ìû îïðåäåëèì ìîðèçì ïðîñòðàíñòâà îòîáðàæåíèé
gf : DC → BA
ðàâåíñòâîì
gf (h) = fhg h :C → D gf (h) :A→ B
Òàêèì îáðàçîì, ìîðèçì ïðîñòðàíñòâà îòîáðàæåíèé ìîæíî ïðåäñòàâèòü ñ ïî-
ìîùüþ äèàãðàììû
A
f //
gf (h)

C
h

B Dg
oo
Çàìå÷àíèå 4.3. Ìíîæåñòâî Γ(E) ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà EM . Ïî-
ýòîìó ìû ìîæåì ïåðåíåñòè íà ìíîæåñòâî ñå÷åíèé ïîíÿòèÿ, îïðåäåë¼ííûå äëÿ
ïðîñòðàíñòâà îòîáðàæåíèé. ÌíîæåñòâàWK,U ìû îïðåäåëèì ñëåäóþùèì îáðà-
çîì
WK,U = {f ∈ Γ(E)|f(K) ⊂ U}
ãäå K - êîìïàêòíîå ïîäìíîæåñòâî ïðîñòðàíñòâà M , U - îòêðûòîå ïîäìíîæå-
ñòâî ïðîñòðàíñòâà E . 
Çàìå÷àíèå 4.4. ß ïîëüçóþñü ñòðåëêîé
//___
íà äèàãðàììå äëÿ îáîçíà÷åíèÿ
ïðîåêöèè ðàññëîåíèÿ. 
Çàìå÷àíèå 4.5. ß ïîëüçóþñü ñòðåëêîé
//
íà äèàãðàììå äëÿ îáîçíà÷åíèÿ
ñå÷åíèÿ ðàññëîåíèÿ. 
Îïðåäåëåíèå 4.6. àññìîòðèì ðàññëîåíèÿ
p[A] : A //___ M
è
q[B] : B //___ N
Ïàðà îòîáðàæåíèé
(4.2) ( F : A → B, f :M → N )
òàêèõ, ÷òî äèàãðàìà
A
p[A]



F // B
q[B]



M
f // N
êîììóòàòèâíà, íàçûâàåòñÿ ðàññëîåííûì ìîðèçìîì èç ðàññëîåíèÿ A â
B. Îòîáðàæåíèå f íàçûâàåòñÿ áàçîé îòîáðàæåíèÿ F . Îòîáðàæåíèå F íàçû-
âàåòñÿ ëèòîì îòîáðàæåíèÿ f . 
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Òåîðåìà 4.7. Åñëè îòîáðàæåíèå f - áèåêöèÿ, òî îòîáðàæåíèå F îïðåäåëÿåò
ìîðèçì Ff
−1
ïðîñòðàíñòâ ñå÷åíèé Γ(p[A])) â Γ(q[B]))
A
F // B u′ = Ff
−1
(u) = Fuf−1
M
u
OO
f // N
u′
OO
F
f−1
+3
Äîêàçàòåëüñòâî. ×òîáû äîêàçàòü íåïðåðûâíîñòü u′, äîñòàòî÷íî äîêàçàòü íåïðå-
ðûâíîñòü f−1. Íî ýòî î÷åâèäíî, òàê êàê f íåïðåðûâíàÿ áèåêöèÿ.
Ìû áóäåì ïîëàãàòü, ÷òî íà ìíîæåñòâàõ Γ(p[A])) è Γ(q[B])) îïðåäåëåíà òî-
ïîëîãèÿ ñîãëàñíî çàìå÷àíèþ 4.3. àññìîòðèì ñå÷åíèÿ u, v ∈ Γ(p[A])), u′ =
Ff
−1
(u), v′ = Ff
−1
(u′) òàêèå, ÷òî ñóùåñòâóåòWL,V ⊂ Γ(q[B])), ãäå L - êîìïàêò-
íîå ïîäìíîæåñòâî ïðîñòðàíñòâà N , V - îòêðûòîå ïîäìíîæåñòâî ïðîñòðàíñòâà
B, u′, v′ ∈ WL,V . Òàê êàê f - íåïðåðûâíàÿ áèåêöèÿ, òî K = f−1(L) - êîìïàêò-
íîå ïîäìíîæåñòâî ïðîñòðàíñòâà M . Òàê êàê F - íåïðåðûâíî, òî U = F−1(V ) -
îòêðûòîå ïîäìíîæåñòâî ïðîñòðàíñòâà A.
Ñîãëàñíî ïîñòðîåíèþ
(4.3) u′f = Fu
Èç (4.3) ñëåäóåò
(4.4) Fu(K) = u′f(K) = u′(L) ⊂ V
Èç (4.4) ñëåäóåò
(4.5) u(K) ⊂ F−1V = U
Èç (4.5) ñëåäóåò u ∈WK,U . Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî u′ ∈WK,U . Ñëåäîâà-
òåëüíî, äëÿ îòêðûòîãî ìíîæåñòâà WL,V ìû íàøëè îòêðûòîå ìíîæåñòâî WK,U
òàêîå, ÷òî Ff
−1
(WK,U ) ⊂ WL,V . Ýòî äîêàçûâàåò íåïðåðûâíîñòü îòîáðàæåíèÿ
Ff
−1
. 
Åñëè f = id, òî id−1 = id. Ïîýòîìó ìîðèçì ïðîñòðàíñòâ ñå÷åíèé ìû áóäåì
îáîçíà÷àòü F id. Î÷åâèäíî
F id(u) = Fu
Îïðåäåëåíèå 4.8. Ïóñòü a[A] : A //___ N è b[B] : B //___ M - ðàññëîåíèÿ.
Ïóñòü ðàññëîåííûé ìîðèçì ( F : A → B, f :M → N ) îïðåäåë¼í äèàãðàì-
ìîé
A
a[A]



F // B
b[B]



N
f // M
ãäå îòîáðàæåíèÿ F è f èíúåêòèâíû. Òîãäà ìû íàçûâàåì ðàññëîåíèå a[A] ðàñ-
ñëîåííûì ïîäìíîæåñòâîì èëè ïîäðàññëîåíèåì ðàññëîåíèÿ b[B]. Ìû áó-
äåì òàêæå ïîëüçîâàòüñÿ çàïèñüþ a[A] ⊆ b[B] ëèáî A ⊆ B.
Íå íàðóøàÿ îáùíîñòè, ìû ìîæåì ïîëàãàòü A ⊆ B, N ⊆M . 
àññìîòðèì ðàññëîåíèÿ
p[A] : A //___ M
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è
q[B] : B //___ N
Äåêàðòîâà ñòåïåíü A ðàññëîåíèÿ B - ýòî ìíîæåñòâî q[B]p[A] ðàññëîåííûõ
ìîðèçìîâ
( F : A → B, f :M → N )
Â äàííûé ìîìåíò ÿ íå âèæó êàê îïðåäåëèòü ñòðóêòóðó ðàññëîåíèÿ â äåêàðòî-
âîé ñòåïåíè ðàññëîåíèÿ. Õîòÿ äëÿ çàäàííûõ m ∈M , n ∈ N ÿ ìîãó ðàññìîòðåòü
äåêàðòîâó ñòåïåíü Bn
Am
. Îïèðàÿñü íà òåîðåìó 4.7, ìû ìîæåì îïðåäåëèòü îòîá-
ðàæåíèå
f : q[B]p[A] → Γ(B)Γ(A)
àññìîòðèì ïîäìíîæåñòâàWK,U ⊂ Γ(B)Γ(A), ãäåK - êîìïàêòíîå ïîäìíîæåñòâî
ñå÷åíèé ðàññëîåíèÿ A, U - îòêðûòîå ïîäìíîæåñòâî ñå÷åíèé ðàññëîåíèÿ B. Ìíî-
æåñòâà WK,U îáðàçóþò áàçèñ òîïîëîãèè ïðîñòðàíñòâà Γ(B)
Γ(A)
. Ìû âûáåðåì
ñàìóþ ñëàáóþ òîïîëîãèþ â q[B]p[A], ïðè êîòîðîé îòîáðàæåíèå f íåïðåðûâíî.
Ìû ðàññìîòðåëè ñòðóêòóðó îòêðûòîãî ìíîæåñòâà ñå÷åíèé ðàññëîåíèÿ B â
çàìå÷àíèè 4.3. Òàê êàê ìíîæåñòâî ñå÷åíèé ðàññëîåíèÿ A ÿâëÿåòñÿ ìíîæåñòâîì
îòîáðàæåíèé, òî ìû ìîæåì èñêàòü ïîäîáèå òåîðåìû Àðöåëà äëÿ àíàëèçà, ([3℄,
ñòð. 110), ÷òî áû îòâåòèòü íà âîïðîñ, êîãäà ýòî ìíîæåñòâî ÿâëÿåòñÿ êîìïàêò-
íûì. Íà äàííîì ýòàïå ÿ ýòîò âîïðîñ îñòàâëÿþ îòêðûòûì.
Ñîãëàñíî [9℄, ñòð. 214 äëÿ äàííûõ ïðîñòðàíñòâ A, B, C, D è îòîáðàæåíèé
f : A→ C, g : D → B ìû îïðåäåëèì ìîðèçì ïðîñòðàíñòâà îòîáðàæåíèé
g
( F : A → B, f :M → N ) : DC → BA
ðàâåíñòâîì
gf (h) = fhg h :C → D gf (h) :A→ B
Òàêèì îáðàçîì, ìîðèçì ïðîñòðàíñòâà îòîáðàæåíèé ìîæíî ïðåäñòàâèòü ñ ïî-
ìîùüþ äèàãðàììû
A
f //
gf (h)

C
h

B Dg
oo
5. àññëîåííàÿ F-àëãåáðà
Îïðåäåëåíèå 5.1. n-àðíàÿ îïåðàöèÿ íà ðàññëîåíèè p[E] - ýòî ðàññëîåííûé
ìîðèçì
F : En → E
n - ýòî àðíîñòü îïåðàöèè. 0-àðíàÿ îïåðàöèÿ - ýòî ñå÷åíèå ðàññëîåíèÿ p[A]. 
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Îïåðàöèÿ íà ðàññëîåíèè ìîæåò áûòü ïðåäñòàâëåíà äèàãðàììîé
En
ω //
p
~~
=
3
)




p
  



)
3
=
E
p







⊙
...
⊙
ω
"*
M
id // M
Òåîðåìà 5.2. Ïóñòü U - îòêðûòîå ìíîæåñòâî áàçû M , è íà U ñóùåñòâóåò
òðèâèàëèçàöèÿ ðàññëîåíèÿ p[E]. Ïóñòü x ∈ M . Ïóñòü ω - n-àðíàÿ îïåðàöèÿ
íà ðàññëîåíèè p[E] è
ω(p1, ..., pn) = p
â ñëîå Ex. Òîãäà ñóùåñòâóþò îòêðûòûå ìíîæåñòâà V ⊆ U , W ⊆ E, W1 ⊆
E1, ..., Wn ⊆ En òàêèå, ÷òî x ∈ V , p ∈ W , p1 ∈W1, ..., pn ∈ Wn, è äëÿ ëþáûõ
x′ ∈ V , p′ ∈W ∩ ωV ñóùåñòâóþò p′1 ∈W1, ..., p
′
n ∈ Wn òàêèå, ÷òî
ω(p′1, ..., p
′
n) = p
′
â ñëîå Ex′ .
Äîêàçàòåëüñòâî. Ñîãëàñíî [11℄, ñòð. 58, ìíîæåñòâà âèäà V ×W , ãäå V ïðèíàä-
ëåæèò áàçèñó òîïîëîãèè ïðîñòðàíñòâà U è W ïðèíàäëåæèò áàçèñó òîïîëîãèè
ïðîñòðàíñòâà E, îáðàçóþò áàçèñ òîïîëîãèè ïðîñòðàíñòâà E . Àíàëîãè÷íî ìíî-
æåñòâà âèäà V ×W1× ...×Wn, ãäå V ïðèíàäëåæèò áàçèñó òîïîëîãèè ïðîñòðàí-
ñòâà U è W1, ..., Wn ïðèíàäëåæàò áàçèñó òîïîëîãèè ïðîñòðàíñòâà E, îáðàçóþò
áàçèñ òîïîëîãèè ïðîñòðàíñòâà En.
Òàê êàê îòîáðàæåíèå ω íåïðåðûâíî, òî äëÿ îòêðûòîãî ìíîæåñòâà V ×W
ñóùåñòâóåò îòêðûòîå ìíîæåñòâî S ⊆ En òàêîå, ÷òî ωS ⊆ V ×W . Ïóñòü x′ ∈ V .
Âûáåðåì ïðîèçâîëüíóþ òî÷êó (x′, p′) ∈ ωS. Òîãäà ñóùåñòâóþò òàêèå p′1 ∈ Ex′ ,
..., p′n ∈ Ex′ , ÷òî
ω(p′1, ..., p
′
n) = p
′
â ñëîå Ex′ . Ñîãëàñíî ñêàçàííîìó âûøå ñóùåñòâóþò ìíîæåñòâà R, R
′
, ïðèíàä-
ëåæàùèå áàçèñó òîïîëîãèè ïðîñòðàíñòâà U , è ìíîæåñòâà T1, ..., Tn, T
′
1, ..., T
′
n,
ïðèíàäëåæàùèå áàçèñó òîïîëîãèè ïðîñòðàíñòâà E, òàêèå, ÷òî x ∈ R, x′ ∈ R′,
p1 ∈ T1, p′1 ∈ T
′
1, ..., pn ∈ Tn, p
′
n ∈ T
′
n, R×T1× ...×Tn ⊆ S, R
′×T ′1× ...×T
′
n ⊆ S.
Òåîðåìà äîêàçàíà, òàê êàê W1 = T1 ∪ T ′1, ..., Wn = Tn ∪ T
′
n - îòêðûòûå ìíîæå-
ñòâà. 
Òåîðåìà 5.2 ãîâîðèò î íåïðåðûâíîñòè îïåðàöèè ω, îäíàêî ýòà òåîðåìà íè÷åãî
íå ãîâîðèò î ìíîæåñòâàõ W1, ..., Wn. Â ÷àñòíîñòè, ýòè ìíîæåñòâà ìîãóò áûòü
íå ñâÿçíûìè.
Åñëè òîïîëîãèÿ íà ñëîå A - äèñêðåòíà, òî ìû ìîæåì ïîëîæèòü W = {p},
W1 = {p1}, ..., Wn = {pn}. Âîçíèêàåò îùóùåíèå, ÷òî â îêðåñòíîñòè V îïåðàöèÿ
íå çàâèñèò îò ñëîÿ. Ìû áóäåì ãîâîðèòü, ÷òî îïåðàöèÿ ω ëîêàëüíî ïîñòîÿííà.
Îäíàêî íà ðàññëîåíèè â öåëîì óñëîâèå ïîñòîÿíñòâà ìîæåò áûòü íàðóøåíî. Òàê
ðàññëîåíèå íàä îêðóæíîñòüþ ñî ñëîåì ãðóïïû öåëûõ ÷èñåë ìîæåò îêàçàòüñÿ
íàêðûòèåì îêðóæíîñòè R → S1 äåéñòâèòåëüíîé ïðÿìîé, îïðåäåë¼ííûì îð-
ìóëîé p(t) = (sin t, cos t) äëÿ ëþáîãî t ∈ R.
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àññìîòðèì àëüòåðíàòèâíóþ òî÷êó çðåíèÿ íà íåïðåðûâíîñòü îïåðàöèè ω,
÷òîáû ëó÷øå ïîíÿòü çíà÷åíèå íåïðåðûâíîñòè Åñëè ìû õîòèì ïîêàçàòü, ÷òî
áåñêîíå÷íî ìàëûå èçìåíåíèÿ îïåðàíäîâ ïðè äâèæåíèè âäîëü áàçû ïðèâîäÿò ê
áåñêîíå÷íî ìàëîìó èçìåíåíèþ îïåðàöèè, íàì íàäî ïåðåéòè ê ñå÷åíèÿì. Ýòîò
ïåðåõîä äîïóñòèì, òàê êàê îïåðàöèÿ íà ðàññëîåíèè îïðåäåëåíà ïîñëîéíî.
Òåîðåìà 5.3. n-àðíàÿ îïåðàöèÿ íà ðàññëîåíèè îòîáðàæàåò ñå÷åíèÿ â ñå÷åíèå.
Äîêàçàòåëüñòâî. Äîïóñòèì f1, ..., fn - ñå÷åíèÿ è îòîáðàæåíèå
(5.1) f = ωid(f1, ..., fn) : M → E
îïðåäåëåíî ðàâåíñòâîì
(5.2) f(x) = ω(f1(x), ..., fn(x))
Ïóñòü x ∈ M è u = f(x). Ïóñòü U - îêðåñòíîñòü òî÷êè u â îáëàñòè çíà÷åíèé
îòîáðàæåíèÿ f .
Òàê êàê ω íåïðåðûâíîå îòîáðàæåíèå, òî ñîãëàñíî [11℄, ñòð. 58, äëÿ ëþáîãî
çíà÷åíèÿ i, 1 ≤ i ≤ n â îáëàñòè çíà÷åíèé ñå÷åíèÿ fi îïðåäåëåíî îòêðûòîå
ìíîæåñòâî Ui òàêèì îáðàçîì, ÷òî
∏n
i=1 Ui îòêðûòî â îáëàñòè çíà÷åíèé ñå÷åíèÿ
(f1, ..., fn) ðàññëîåíèÿ En è
ω(
n∏
i=1
Ui) ⊆ U
Ïóñòü u′ ∈ U . Ïîñêîëüêó f - îòîáðàæåíèå, ñóùåñòâóåò x′ ∈ M òàêàÿ, ÷òî
f(x′) = u′. Íà îñíîâàíèè ðàâåíñòâà (5.2) ñóùåñòâóþò u′i ∈ Ui, p(u
′
i) = x
′
òàêèå,
÷òî ω(u′1, ..., u
′
n) = u
′
. Òàê êàê fi ñå÷åíèå, òî ñóùåñòâóåò îòêðûòîå â M ìíîæå-
ñòâî Vi òàêîå, ÷òî fi(Vi) ⊆ Ui è x ∈ Vi, x′ ∈ Vi. Ñëåäîâàòåëüíî, ìíîæåñòâî
V = ∩ni=1Vi
íåïóñòî, îòêðûòî â M è x ∈ V , x′ ∈ V . Ñëåäîâàòåëüíî îòîáðàæåíèå f íåïðå-
ðûâíî è ÿâëÿåòñÿ ñå÷åíèåì. 
Îïåðàöèÿ íà ðàññëîåíèè ìîæåò áûòü ïðåäñòàâëåíà äèàãðàììîé
En
ω // E
×...×
ωid
"*
M
a1
>>
an
``
id // M
OO
Òåîðåìà 5.4. ωid íåïðåðûâíà íà Γ(E).
Äîêàçàòåëüñòâî. àññìîòðèì ìíîæåñòâî WK,U , ãäå K - êîìïàêòíîå ïîäìíî-
æåñòâî ïðîñòðàíñòâà M , U - îòêðûòîå ïîäìíîæåñòâî ïðîñòðàíñòâà E . Ìíî-
æåñòâî U ìû ìîæåì ïðåäñòàâèòü â âèäå V × E, ãäå V - îòêðûòîå ìíîæåñòâî
ïðîñòðàíñòâàM ,K ⊂ V . ω−1(V ×E) = V ×En ÿâëÿåòñÿ îòêðûòûì ìíîæåñòâîì.
Ñëåäîâàòåëüíî,
(5.3) (ωid)−1WK,V×E =WK,V×En
Èç (5.3) ñëåäóåò íåïðåðûâíîñòü ωid. 
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Îïðåäåëåíèå 5.5. Ïóñòü A ÿâëÿåòñÿ F-àëãåáðîé ([2℄). Ìû ìîæåì ïåðåíåñòè
F-àëãåáðàè÷åñêóþ ñòðóêòóðó ñî ñëîÿ A íà ðàññëîåíèå p[A] : A //___ M . Åñëè
íà F-àëãåáðå A îïðåäåëåíà îïåðàöèÿ ω
a = ω(a1, ..., an)
òî íà ðàññëîåíèè îïðåäåëåíà îïåðàöèÿ ω
a(x) = ω(a1, ..., an)(x) = ω(a1(x), ..., an(x))
Ìû áóäåì ãîâîðèòü, ÷òî p[A] - ýòî ðàññëîåííàÿ F-àëãåáðà. 
Â çàâèñèìîñòè îò ñòðóêòóðû ìû áóäåì ãîâîðèòü, íàïðèìåð, î ðàññëîåííîé
ãðóïïå, ðàññëîåííîì êîëüöå, âåêòîðíîì ðàññëîåíèè.
Îñíîâíûå ñâîéñòâà F-àëãåáðû ñîõðàíÿþòñÿ è äëÿ ðàññëîåííîé F-àëãåáðû.
Ïðè äîêàçàòåëüñòâå ñîîòâåòñòâóþùèõ òåîðåì, ìû ìîæåì ññûëàòüñÿ íà ýòî
óòâåðæäåíèå. Îäíàêî â íåêîòîðûõ ñëó÷àÿõ äîêàçàòåëüñòâî ìîæåò ïðåäñòàâ-
ëÿòü ñàìîñòîÿòåëüíûé èíòåðåñ, òàê êàê ïîçâîëÿåò ëó÷øå óâèäåòü ñòðóêòóðó
ðàññëîåííîé F-àëãåáðû. Îäíàêî ñâîéñòâà F-àëãåáðû, âîçíèêøåé íà ìíîæåñòâå
ñå÷åíèé, ìîãóò îòëè÷àòüñÿ îò ñâîéñòâ F-àëãåáðû â ñëîå. Íàïðèìåð, óìíîæå-
íèå â ñëîå ìîæåò èìåòü îáðàòíûé ýëåìåíò. Â òîæå âðåìÿ óìíîæåíèå ñå÷åíèé
ìîæåò íå èìåòü îáðàòíîãî ýëåìåíòà. Ñëåäîâàòåëüíî, ðàññëîåííîå íåïðåðûâíîå
ïîëå ïîðîæäàåò êîëüöî íà ìíîæåñòâå ñå÷åíèé. Ýòî ÿâëÿåòñÿ ïðåèìóùåñòâîì
ïðè èçó÷åíèè ðàññëîåííîé àëãåáðû. ß õî÷ó òàêæå îáðàòèòü âíèìàíèå íà òî, ÷òî
îïåðàöèÿ â ðàññëîåíèè íå îïðåäåëåíà äëÿ ýëåìåíòîâ, ïðèíàäëåæàùèì ðàçíûì
ñëîÿì.
Òî÷êà p ∈ A èìååò ïðåäñòàâëåíèå (x, pα) â êàðòå Uα è ïðåäñòàâëåíèå (x, pβ) â
êàðòå Uβ. Äîïóñòèì óíêöèè ïåðåõîäà gǫδ îïðåäåëÿþò ðàññëîåíèå B íàä áàçîé
N . àññìîòðèì êàðòû Vǫ ∈ N è Vδ ∈ N , Vǫ ∩ Vδ 6= ∅. Òî÷êà q ∈ B èìååò ïðåä-
ñòàâëåíèå (y, qǫ) â êàðòå Vǫ è ïðåäñòàâëåíèå (y, qδ) â êàðòå Vδ. Ñëåäîâàòåëüíî,
pα = fαβ(pβ)
qǫ = gǫδ(qδ)
Ïðåäñòàâëåíèå ñîîòâåòñòâèÿ ïðè ïåðåõîäå îò êàðòû Uα ê êàðòå Uβ è îò êàðòû
Vǫ ê êàðòå Vδ èçìåíÿåòñÿ ñîãëàñíî çàêîíó
(x, y, pα, qǫ) = (x, y, fαβ(pβ), gǫδ(qδ))
Ýòî ñîãëàñóåòñÿ ñ ïðåîáðàçîâàíèåì ïðè ïåðåõîäå îò êàðòû Uα × Vǫ ê êàðòå
Uβ × Vδ â ðàññëîåíèè A× B.
Òåîðåìà 5.6. Äîïóñòèì óíêöèè ïåðåõîäà fαβ îïðåäåëÿþò ðàññëîåííóþ F-
àëãåáðó p[A] : A //___ M íàä áàçîéM . Òîãäà óíêöèè ïåðåõîäà fαβ ÿâëÿþòñÿ
ãîìîìîðèçìàìè F-àëãåáðû A.
Äîêàçàòåëüñòâî. Ïóñòü Uα ∈ M è Uβ ∈ M , Uα ∩ Uβ 6= ∅ - îêðåñòíîñòè, â
êîòîðûõ ðàññëîåííàÿ F-àëãåáðà p[A] òðèâèàëüíà. Ïóñòü
(5.4) aβ = fβα(aα)
óíêöèÿ ïåðåõîäà èç ðàññëîåíèÿ p[A]|Uα â ðàññëîåíèå p[A]|Uβ . Ïóñòü ω - n-
àðíàÿ îïåðàöèÿ è òî÷êè e1, ..., en ïðèíàäëåæàò ñëîþ Ax, x ∈ U1∩U2. Ïîëîæèì
(5.5) e = ω(e1, ..., en)
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Ìû ìîæåì ïðåäñòàâèòü òî÷êó e ∈ p[A]|Uα â âèäå (x, eα) è òî÷êó ei ∈ p[A]|Uα
â âèäå (x, eiα). Ìû ìîæåì ïðåäñòàâèòü òî÷êó e ∈ p[A]|Uβ â âèäå (x, eβ) è òî÷êó
ei ∈ p[A]|Uβ â âèäå (x, eiβ). Ñîãëàñíî (5.4)
(5.6) eβ = fβα(eα)
(5.7) eiβ = fβα(eiα)
Ñîãëàñíî (5.5), îïåðàöèÿ â ñëîå Ax íàä îêðåñòíîñòüþ Uβ èìååò âèä
(5.8) eβ = ω(e1β , ..., enβ)
Ïîäñòàâèâ (5.6), (5.7) â (5.8) ìû ïîëó÷èì
fβα(eα) = ω(fβα(e1α), ..., fβα(enα))
Ýòî äîêàçûâàåò, ÷òî fβα ÿâëÿåòñÿ ãîìîìîðèçìîì F-àëãåáðû. 
Îïðåäåëåíèå 5.7. Ïóñòü p[A] : A //___ M è p′[A′] : A′ //___ M ′ - äâå ðàñ-
ñëîåííûå F-àëãåáðû. Ìû áóäåì íàçûâàòü ðàññëîåííûé ìîðèçì
f : A → A′
ãîìîìîðèçìîì ðàññëîåííûõ F-àëãåáð, åñëè ñîîòâåòñòâóþùåå îòîáðàæå-
íèå ñëî¼â
fx : Ax → A
′
x′
ÿâëÿåòñÿ ãîìîìîðèçìîì F-àëãåáðû A. 
Îïðåäåëåíèå 5.8. Ïóñòü p[A] : A //___ M è p′[A′] : A′ //___ M ′ - äâå ðàñ-
ñëîåííûå F-àëãåáðû. Ìû áóäåì íàçûâàòü ãîìîìîðèçì ðàññëîåííûõ F-àëãåáð
f èçîìîðèçìîì ðàññëîåííûõ F-àëãåáð, åñëè ñîîòâåòñòâóþùåå îòîáðàæå-
íèå ñëî¼â
fx : Ax → A
′
x′
ÿâëÿåòñÿ èçîìîðèçìîì F-àëãåáðû A. 
Îïðåäåëåíèå 5.9. Ïóñòü p[A] : A //___ M - ðàññëîåííàÿ F-àëãåáðà è A′ - F-
ïîäàëãåáðà F-àëãåáðû A. àññëîåííàÿ F-àëãåáðà p[A′] : A′ //___ M ÿâëÿåòñÿ
ðàññëîåííîé F-ïîäàëãåáðîé ðàññëîåííîé F-àëãåáðû p[A], åñëè ãîìîìîðèçì
ðàññëîåííûõ F-àëãåáð A′ → A ÿâëÿåòñÿ âëîæåíèåì ñëî¼â. 
Âàæíûì îáñòîÿòåëüñòâîì â ýòîì îïðåäåëåíèè ÿâëÿåòñÿ ãîìîìîðèçì ðàñ-
ñëîåííûõ F-àëãåáð. Åñëè ìû ïðîñòî îãðàíè÷èìñÿ àêòîì ñóùåñòâîâàíèÿ F-
ïîäàëãåáðû â êàæäîì ñëîå, òî ìû ìîæåì ðàçðóøèòü íåïðåðûâíîñòü.
Ìû îïðåäåëèëè îïåðàöèþ íà áàçå ïðèâåäåííîãî äåêàðòîâà ïðîèçâåäåíèÿ
ðàññëîåíèé. Åñëè ìû îïðåäåëèì îïåðàöèþ íà áàçå äåêàðòîâà ïðîèçâåäåíèÿ
ðàññëîåíèé, òî îïåðàöèÿ áóäåò îïðåäåëåíà äëÿ ëþáûõ ýëåìåíòîâ ðàññëîåíèÿ.
Îäíàêî, åñëè p(ai) = p(bi), i = 1, ..., n, òî p(ω(a1, ..., an)) = p(ω(b1, ..., bn)). Ñëå-
äîâàòåëüíî, îïåðàöèÿ îïðåäåëåíà ìåæäó ñëîÿìè è ïîñðåäñòâîì ïðîåêöèè ïåðå-
íîñèòñÿ íà áàçó. Ýòà êîíñòðóêöèÿ íå îòëè÷àåòñÿ îò àêòîðèçàöèè F-àëãåáðû è
íå ñîçäà¼ò íîâûé ýëåìåíò â òåîðèè ðàññëîåíèé. Â òî æå âðåìÿ ýòà êîíñòðóêöèÿ
äîâîëüíî ïðîáëåìàòè÷íà ñ òî÷êè çðåíèÿ ïåðåõîäà ìåæäó ðàçëè÷íûìè êàðòàìè
ðàññëîåíèÿ è âîçìîæíîñòè îïðåäåëåíèÿ îïåðàöèè íàä ñå÷åíèÿìè.
22
Àëåêñàíäð Êëåéí
Ìîðèçì T⋆-ïðåäñòàâëåíèé
6. Ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû
Îïðåäåëåíèå 6.1. Ìû áóäåì íàçûâàòü ìîðèçì ðàññëîåíèé
T : E → E
ïðåîáðàçîâàíèåì ðàññëîåíèÿ, åñëè ñîîòâåòñòâóþùåå îòîáðàæåíèå ñëî¼â
tx : Ex → Ex
ÿâëÿåòñÿ ïðåîáðàçîâàíèåì ñëîÿ. 
Òåîðåìà 6.2. Ïóñòü U - îòêðûòîå ìíîæåñòâî áàçû M , íà êîòîðîì ñóùå-
ñòâóåò òðèâèàëèçàöèÿ ðàññëîåíèÿ p[E]. Ïóñòü t - ïðåîáðàçîâàíèå ðàññëîåíèÿ
p[E]. Ïóñòü x ∈ M è p′ = tx(p) â ñëîå Ex. Òîãäà äëÿ îòêðûòîãî ìíîæåñòâà
V ⊆ M , x ∈ V è äëÿ îòêðûòîãî ìíîæåñòâà W ′ ⊆ E, p′ ∈ W ′ ñóùåñòâóåò
îòêðûòîå ìíîæåñòâî W ⊆ E, p ∈ W , òàêîå, ÷òî åñëè x1 ∈ V , p1 ∈ W , òî
p′1 = tx1(p1) ∈ W
′
.
Äîêàçàòåëüñòâî. Ñîãëàñíî [11℄, ñòð. 58, ìíîæåñòâà âèäà V ×W , ãäå V ïðèíàä-
ëåæèò áàçèñó òîïîëîãèè ïðîñòðàíñòâà U è W ïðèíàäëåæèò áàçèñó òîïîëîãèè
ïðîñòðàíñòâà E, îáðàçóþò áàçèñ òîïîëîãèè ïðîñòðàíñòâà E .
Òàê êàê îòîáðàæåíèå t íåïðåðûâíî, òî äëÿ îòêðûòîãî ìíîæåñòâà V ×W ′
ñóùåñòâóåò îòêðûòîå ìíîæåñòâî V ×W òàêîå, ÷òî t(V ×W ) ⊆ V ×W ′. Ýòî è
åñòü ñîäåðæàíèå òåîðåìû. 
Òåîðåìà 6.3. Ïðåîáðàçîâàíèå ðàññëîåíèÿ p[E] îòîáðàæàåò ñå÷åíèå â ñå÷åíèå.
Äîêàçàòåëüñòâî. Îáðàç ñå÷åíèÿ s ïðè ïðåîáðàçîâàíèè t îïðåäåë¼í èç êîììó-
òàòèâíîñòè äèàãðàììû
E
t // E
M
s
``
s′
>>
Íåïðåðûâíîñòü îòîáðàæåíèÿ s′ ñëåäóåò èç òåîðåìû 6.2. 
Îïðåäåëåíèå 6.4. Ïðåîáðàçîâàíèå ðàññëîåíèÿ íàçûâàåòñÿ ëåâîñòîðîííèì
ïðåîáðàçîâàíèåì èëè T⋆-ïðåîáðàçîâàíèåì ðàññëîåíèÿ, åñëè îíî äåé-
ñòâóåò ñëåâà
u′ = tu
Ìû áóäåì îáîçíà÷àòü
⋆E èëè ⋆p[E] ìíîæåñòâî íåâûðîæäåííûõ T⋆-ïðåîáðàçî-
âàíèé ðàññëîåíèÿ p[E]. 
Îïðåäåëåíèå 6.5. Ïðåîáðàçîâàíèå íàçûâàåòñÿ ïðàâîñòîðîííèì ïðåîáðà-
çîâàíèåì èëè ⋆T -ïðåîáðàçîâàíèåì ðàññëîåíèÿ, åñëè îíî äåéñòâóåò ñïðàâà
u′ = ut
Ìû áóäåì îáîçíà÷àòü E⋆ èëè p[E]⋆ ìíîæåñòâî ⋆T -íåâûðîæäåííûõ ïðåîáðàçî-
âàíèé ðàññëîåíèÿ p[A]. 
Ìû áóäåì îáîçíà÷àòü e òîæäåñòâåííîå ïðåîáðàçîâàíèå ðàññëîåíèÿ.
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Çàìå÷àíèå 6.6. Òàê êàê T⋆-ïðåîáðàçîâàíèå ðàññëîåíèÿ îïðåäåëåíî ïîñëîéíî,
òî ìíîæåñòâî
⋆p[E] ÿâëÿåòñÿ ðàññëîåíèåì, èçîìîðíûì ðàññëîåíèþ p[⋆E]. Òàê
êàê
⋆E = EE , òî ìû ìîæåì îïðåäåëèòü â ñëîå êîìïàêòíî-îòêðûòóþ òîïîëîãèþ.
Ýòî äà¼ò âîçìîæíîñòü îòâåòèòü íà âîïðîñ: íàñêîëüêî áëèçêè ïðåîáðàçîâàíèÿ,
âîçíèêàþùèå â ñîñåäíèõ ñëîÿõ. Ìû áóäåì ïîëàãàòü, ÷òî ïðåîáðàçîâàíèÿ t(x),
t(x1) áëèçêè, åñëè ñóùåñòâóåò îòêðûòîå ìíîæåñòâî WK,U ⊂ EE , t(x) ∈ WK,U ,
t(x1) ∈WK,U . 
Îïðåäåëåíèå 6.7. Ïóñòü íà ìíîæåñòâå
⋆p[A] îïðåäåëåíà ñòðóêòóðà ðàññëî-
åííîé F-àëãåáðû ([2℄). Ïóñòü p[B] ÿâëÿåòñÿ ðàññëîåííîé F-àëãåáðîé. Ìû áóäåì
íàçûâàòü ãîìîìîðèçì ðàññëîåííûõ F-àëãåáð
(6.1) f : p[B]→ ⋆p[A]
ëåâîñòîðîííèì ïðåäñòàâëåíèåì èëè T⋆-ïðåäñòàâëåíèåì ðàññëîåííîé
F-àëãåáðû p[B]. 
Îïðåäåëåíèå 6.8. Ïóñòü íà ìíîæåñòâå p[A]⋆ îïðåäåëåíà ñòðóêòóðà ðàññëî-
åííîé F-àëãåáðû ([2℄). Ïóñòü p[B] ÿâëÿåòñÿ ðàññëîåííîé F-àëãåáðîé. Ìû áóäåì
íàçûâàòü ãîìîìîðèçì ðàññëîåííûõ F-àëãåáð
f : p[B]→ p[A]⋆
ïðàâîñòîðîííèì ïðåäñòàâëåíèåì èëè ⋆T -ïðåäñòàâëåíèåì ðàññëîåííîé
F-àëãåáðû p[B]. 
Ìû ðàñïðîñòðàíèì íà òåîðèþ ðàññëîåííûõ ïðåäñòàâëåíèé ñîãëàøåíèå, îïè-
ñàííîå â çàìå÷àíèè [5℄-2.2.14. Ìû ìîæåì çàïèñàòü ïðèíöèï äâîéñòâåííîñòè â
ñëåäóþùåé îðìå
Òåîðåìà 6.9 (ïðèíöèï äâîéñòâåííîñòè). Ëþáîå óòâåðæäåíèå, ñïðàâåäëèâîå
äëÿ T⋆-ïðåäñòàâëåíèÿ ðàññëîåííîé F-àëãåáðû p[A], áóäåò ñïðàâåäëèâî äëÿ ⋆T -
ïðåäñòàâëåíèÿ ðàññëîåííîé F-àëãåáðû p[A].
Ñóùåñòâóåò äâà ñïîñîáà îïðåäåëèòü T⋆-ïðåäñòàâëåíèå F-àëãåáðû B â ðàñ-
ñëîåíèè p[A]. Ìû ìîæåì îïðåäåëèòü îïðåäåëèòü T⋆-ïðåäñòàâëåíèå â ñëîå, ëèáî
îïðåäåëèòü T⋆-ïðåäñòàâëåíèå íà ìíîæåñòâå Γ(p[A]). Â ïåðâîì ñëó÷àå ïðåäñòàâ-
ëåíèå îïðåäåëÿåò îäíî è òî æå ïðåîáðàçîâàíèå âî âñåõ ñëîÿõ. Âî âòîðîì ñëó÷àå
êàðòèíà ìåíåå îãðàíè÷åíà, îäíàêî îíà íå äà¼ò ïîëíîé êàðòèíû ðàçíîîáðàçèÿ
ïðåäñòàâëåíèé â ðàññëîåíèè. Êîãäà ìû ðàññìàòðèâàåì ïðåäñòàâëåíèå ðàññëî-
åííîé F-àëãåáðû, ìû ñðàçó îãîâàðèâàåì, ÷òî ïðåîáðàçîâàíèÿ â ðàçíûõ ñëîÿõ
íåçàâèñèìû. Òðåáîâàíèå íåïðåðûâíîé çàâèñèìîñòè ïðåîáðàçîâàíèÿ îò ñëîÿ íà-
êëàäûâàåò äîïîëíèòåëüíûå îãðàíè÷åíèÿ íà T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-
àëãåáðû. Â òî æå âðåìÿ ýòî îãðàíè÷åíèå ïîçâîëÿåò èçó÷àòü ïðåäñòàâëåíèÿ
ðàññëîåííûõ F-àëãåáð, êîãäà â ñëîå îïðåäåëåíà F-àëãåáðà, ïàðàìåòðû êîòîðîé
(íàïðèìåð, ñòðóêòóðíûå êîíñòàíòû ãðóïïû Ëè) íåïðåðûâíî çàâèñÿò îò ñëîÿ.
Çàìå÷àíèå 6.10. Íà ÿçûêå äèàãðàìì îïðåäåëåíèå 6.7 îçíà÷àåò ñëåäóþùåå.
E E ′
p′   B
B
B
B
ϕ // E ′
p′~~|
|
|
|
M
α
OO
F // M ′
8@
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Îòîáðàæåíèå F - èíúåêöèÿ. Òàê êàê ìû îæèäàåì, ÷òî ïðåäñòàâëåíèå ðàññëî-
åííîé F-àëãåáðû äåéñòâóåò â êàæäîì ñëîå, òî ìû âèäèì, ÷òî îòîáðàæåíèå F -
áèåêöèÿ. Íå íàðóøàÿ îáùíîñòè, ìû ìîæåì ïîëîæèòü, ÷òî M = M ′ è îòîáðà-
æåíèå F - òîæäåñòâåííîå îòîáðàæåíèå. Ìû áóäåì ãîâîðèòü, ÷òî çàäàíî ïðåä-
ñòàâëåíèå ðàññëîåííîé F-àëãåáðû p[B] â ðàññëîåíèè p[A] íàä ìíîæåñòâîì M .
Ïîñêîëüêó áàçà ðàññëîåíèÿ èçâåñòíà, òî, ÷òîáû íå ïåðåãðóæàòü äèàãðàììó äå-
òàëÿìè, ìû áóäåì îïèñûâàòü ïðåäñòàâëåíèå ñ ïîìîùüþ äèàãðàììû
E E ′
ϕ // E ′
M
α
OO
:B

Òåîðåìà 6.11. Ïóñòü çàäàíî T⋆-ïðåäñòàâëåíèå F ðàññëîåííîé F-àëãåáðû A
â ðàññëîåíèè q[E]. Òîãäà äëÿ îòêðûòîãî ìíîæåñòâà V ⊂ M , x ∈ V è äëÿ
îòêðûòîãî ìíîæåñòâà WK,U ⊂ EE, F(x, p) ∈ WK,U ñóùåñòâóåò îòêðûòîå
ìíîæåñòâî W ⊂ A, p ∈W òàêîå, ÷òî x1 ∈ V , p1 ∈W êàê òîëüêî F(x1, p1) ∈
WK,U .
Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ÿâëÿåòñÿ ñëåäñòâèåì íåïðåðûâíîñòè
îòîáðàæåíèÿ F è îïðåäåëåíèÿ òîïîëîãèè ðàññëîåíèÿ A. 
Òåîðåìà 6.12. Ïóñòü çàäàíî T⋆-ïðåäñòàâëåíèå F ðàññëîåííîé F-àëãåáðû A
â ðàññëîåíèè q[E]. Ïóñòü a - ñå÷åíèå ðàññëîåíèÿ A. Òîãäà äëÿ îòêðûòîãî
ìíîæåñòâà V ⊂ M , x ∈ V è äëÿ îòêðûòîãî ìíîæåñòâà WK,U ⊂ E
E
,
F id(a)(x) ∈ WK,U ñóùåñòâóåò îòêðûòîå ìíîæåñòâî W ⊂ A, a(x) ∈ W òà-
êîå, ÷òî x1 ∈ V , a(x1) ∈ W êàê òîëüêî F id(a)(x1) ∈WK,U .
Äîêàçàòåëüñòâî. Ñëåäñòâèå òåîðåìû 6.11. 
Îïðåäåëåíèå 6.13. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àë-
ãåáðû p[B] ýåêòèâíûì, åñëè îòîáðàæåíèå (6.1) - èçîìîðèçì ðàññëîåííîé
F-àëãåáðû p[B] â ⋆p[A]. 
Çàìå÷àíèå 6.14. Åñëè T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû A ýåêòèâ-
íî, ìû ìîæåì îòîæäåñòâëÿòü ñå÷åíèå ðàññëîåííîé F-àëãåáðû A ñ åãî îáðàçîì
è çàïèñûâàòü T⋆-ïðåîáðàçîâàíèå, ïîðîæä¼ííîå ñå÷åíèåì a ∈ Γ(A), â îðìå
v′ = av
Åñëè ⋆T -ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðûA ýåêòèâíî, ìû ìîæåì îòîæ-
äåñòâëÿòü ñå÷åíèå ðàññëîåííîé F-àëãåáðû A ñ åãî îáðàçîì è çàïèñûâàòü ⋆T -
ïðåîáðàçîâàíèå, ïîðîæä¼ííîå ñå÷åíèåì a ∈ Γ(A), â îðìå
v′ = va

Îïðåäåëåíèå 6.15. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå F ðàññëîåííîé F-
àëãåáðû p[A] òðàíçèòèâíûì, åñëè T⋆-ïðåäñòàâëåíèå Fx F-àëãåáðû Ax òðàí-
çèòèâíî äëÿ ëþáîãî x. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-
àëãåáðû îäíîòðàíçèòèâíûì, åñëè îíî òðàíçèòèâíî è ýåêòèâíî. 
25
Ìîðèçì T⋆-ïðåäñòàâëåíèé
Àëåêñàíäð Êëåéí
Òåîðåìà 6.16. Äîïóñòèì ìíîæåñòâî E ëîêàëüíî êîìïàêòíî. T⋆-ïðåäñòàâ-
ëåíèå F ðàññëîåííîé F-àëãåáðû
r[A] : A //___ M
â ðàññëîåíèè
p[E] : E //___ M
òðàíçèòèâíî, åñëè äëÿ ëþáûõ ñå÷åíèé a, b ∈ Γ(E) ñóùåñòâóåò òàêîå ñå÷åíèå
g ∈ Γ(A), ÷òî
b = F id(g)a
Äîêàçàòåëüñòâî. àññìîòðèì ñå÷åíèÿ a, b ∈ Γ(E). Â ñëîå E(x) ýòè ñå÷åíèÿ
îïðåäåëÿåò ýëåìåíòû a(x), b(x) ∈ E(x). Ñîãëàñíî îïðåäåëåíèþ 6.15 îïðåäåë¼í
g(x) ∈ A(x) òàêîé, ÷òî
b(x) = F id(g(x))a(x)
Ïóñòü UM - îòêðûòîå ìíîæåñòâî áàçû M , íà êîòîðîì ñóùåñòâóåò òðèâè-
àëèçàöèÿ ðàññëîåíèÿ p[E], x ∈ UM . Ïóñòü W ′ ⊆ E - îòêðûòîå ìíîæåñòâî,
b(x) ∈ W ′. Òîãäà ñîãëàñíî òåîðåìå 6.2 ñóùåñòâóåò îòêðûòîå ìíîæåñòâîW ⊆ E,
a(x) ∈ W , òàêîå, ÷òî åñëè x1 ∈ UM , a(x1) ∈ W , òî b(x1) = F id(g)(x1)(a(x1)) ∈
W ′.
Åñëè çàìûêàíèå W êîìïàêòíî, òî ïîëîæèì K = W . Äîïóñòèì çàìûêàíèå
W íå êîìïàêòíî. Òîãäà ñóùåñòâóåò îòêðûòîå ìíîæåñòâîW (x), a(x) ∈W (x) òà-
êîå, ÷òîW (x) êîìïàêòíî. Àíàëîãè÷íî ñóùåñòâóåò îòêðûòîå ìíîæåñòâîW (x1),
a(x1) ∈W (x1) òàêîå, ÷òîW (x1) êîìïàêòíî. Ìíîæåñòâî V =W∩(W (x)∪W (x1))
îòêðûòî, a(x) ∈ V , a(x1) ∈ V , çàìûêàíèå V êîìïàêòíî. Ïîëîæèì K = V .
Ïóñòü U(x) - îêðåñòíîñòü ìíîæåñòâà g(x)K. Ïóñòü U(x1) - îêðåñòíîñòü ìíî-
æåñòâà g(x1)K. Ïîëîæèì U =W
′∪U(x)∪U(x1). Òîãäà WK,U ⊂ EE - îòêðûòîå
ìíîæåñòâî, F id(g)(x) ∈WK,U , F id(g)(x1) ∈WK,U .
Ñîãëàñíî òåîðåìå 6.12 ñóùåñòâóåò îòêðûòîå ìíîæåñòâî S ⊂ A, g(x) ∈ S,
g(x1) ∈ S. 
Òåîðåìà 6.17. Äîïóñòèì ìíîæåñòâî E ëîêàëüíî êîìïàêòíî. T⋆-ïðåäñòàâ-
ëåíèå F ðàññëîåííîé F-àëãåáðû
r[A] : A //___ M
â ðàññëîåíèè
p[E] : E //___ M
îäíîòðàíçèòèâíî òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáûõ ñå÷åíèé a, b ∈ Γ(E)
ñóùåñòâóåò îäíî è òîëüêî îäíî ñå÷åíèå g ∈ Γ(A) òàêîå, ÷òî
b = F id(g)a
Äîêàçàòåëüñòâî. Ñëåäñòâèå îïðåäåëåíèé 6.13, 6.15 è òåîðåìû 6.16. 
7. àññëîåííûé ìîðèçì
Òåîðåìà 7.1. Ïóñòü íà ðàññëîåíèè p[E] : E //___ M îïðåäåëåíà ðàññëîåííàÿ
ýêâèâàëåíòíîñòü s[S] : S //___ M . Òîãäà ñóùåñòâóåò ðàññëîåíèå
t[E/S] : E/S //___ M
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íàçûâàåìîå àêòîð ðàññëîåíèåì ðàññëîåíèÿ E ïî ýêâèâàëåíòíîñòè S. Ìîð-
èçì ðàññëîåíèé
natS : E → E/S
íàçûâàåòñÿ ðàññëîåííûì åñòåñòâåííûì ìîðèçìîì èëè ðàññëîåííûì
ìîðèçìîì îòîæäåñòâëåíèÿ.
Äîêàçàòåëüñòâî. àññìîòðèì êîììóòàòèâíóþ äèàãðàììó
(7.1) E
natS //
p[E] ?
?
?
? E/S
t[E/S]}}{
{
{
{
M
Ìû îïðåäåëèì â E/S àêòîðòîïîëîãèþ ([11℄, ñòð. 39), òðåáóÿ íåïðåðûâíîñòü
îòîáðàæåíèÿ natS. Ñîãëàñíî ïðåäëîæåíèþ [11℄-I.3.6 îòîáðàæåíèå t[E/S] íåïðå-
ðûâíî.
Òàê êàê ýêâèâàëåíòíîñòü S îïðåäåëåíà òîëüêî ìåæäó òî÷êàìè îäíîãî ñëîÿ
E, òî êëàññû ýêâèâàëåíòíîñòè ïðèíàäëåæàò îäíîìó è òîìó ñëîþ E/S (ñðàâíè
ñ çàìå÷àíèåì ê ïðåäëîæåíèþ [11℄-I.3.6). 
Ïóñòü f : A → B - ðàññëîåííûé ìîðèçì, áàçà êîòîðîãî ÿâëÿåòñÿ òîæäå-
ñòâåííûì îòîáðàæåíèåì. Ñîãëàñíî îïðåäåëåíèþ [7℄-4.8 ñóùåñòâóåò îáðàòíîå
ïðèâåäåííîå ðàññëîåííîå ñîîòâåòñòâèå f−1. Ñîãëàñíî òåîðåìàì [7℄-4.7 è [7℄-5.2
f−1 ◦ f ÿâëÿåòñÿ 2-àðíûì ðàññëîåííûì îòíîøåíèåì.
Òåîðåìà 7.2. àññëîåííîå îòíîøåíèå S = f−1◦f ÿâëÿåòñÿ ðàññëîåííîé ýêâè-
âàëåíòíîñòüþ íà ðàññëîåíèè A. Ñóùåñòâóåò ðàçëîæåíèå ðàññëîåííîãî ìîð-
èçìà f â ïðîèçâåäåíèå ðàññëîåííûõ ìîðèçìîâ
f = itj
A/S
t // f(A)
i

A
j
OO
f // B
j = natS - åñòåñòâåííûé ãîìîìîðèçì
j(a) = j(a)
t - èçîìîðèçì
r(a) = t(j(a))
i - âëîæåíèå
r(a) = i(r(a))
Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ïðîâåðÿåòñÿ â ñëîå. Íåîáõîäèìî òàê-
æå ïðîâåðèòü, ÷òî ýêâèâàëåíòíîñòü íåïðåðûâíî çàâèñèò îò ñëîÿ.

27
Ìîðèçì T⋆-ïðåäñòàâëåíèé
Àëåêñàíäð Êëåéí
8. Ñâîáîäíîå T⋆-ïðåäñòàâëåíèå ðàññëîåííîé ãðóïïû
Îòîáðàæåíèå natS íå ïîðîæäàåò ðàññëîåíèÿ, òàê êàê ðàçíûå êëàññû ýêâèâà-
ëåíòíîñòè, âîîáùå ãîâîðÿ, íå ãîìåîìîðíû. Îäíàêî äîêàçàòåëüñòâî òåîðåìû
7.1 ïîäñêàçûâàåò êîíñòðóêöèþ, î÷åíü íàïîìèíàþùóþ ïîñòðîåíèå, ïðåäëîæåí-
íîå â [12℄, ñòð. 16 - 17.
Îïðåäåëåíèå 8.1. àññìîòðèì T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóïïû p[G]
â ðàññëîåíèè M. àññëîåííàÿ ìàëàÿ ãðóïïà èëè ðàññëîåííàÿ ãðóïïà
ñòàáèëèçàöèè ñå÷åíèÿ h ∈ Γ(M) - ýòî ìíîæåñòâî
Gh = {g ∈ Γ(G) : f(g)h = h}

Òåîðåìà 8.2. àññìîòðèì T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóïïû p[G] â
ðàññëîåíèè r[E] : E //___ M . Äîïóñòèì Gh - ðàññëîåííàÿ ìàëàÿ ãðóïïà ñå-
÷åíèÿ h. Äëÿ ëþáîãî x ∈ M ñëîé Gh,x ðàññëîåííîé ìàëîé ãðóïïû ñå÷åíèÿ h
ÿâëÿåòñÿ ïîäãðóïïîé ìàëîé ãðóïïû Gh(x) ýëåìåíòà h(x) ∈ Ex.
Äîêàçàòåëüñòâî. Âûáåðåì ñå÷åíèå g ∈ Γ(Gh) òàê, ÷òî ïðåîáðàçîâàíèå f(g)
îñòàâëÿåò íåïîäâèæíûì ñå÷åíèå h ∈ Γ(E). Ñëåäîâàòåëüíî, ïðåîáðàçîâàíèå
f(h(x)) îñòàâëÿåò íåïîäâèæíûì h(x) ∈ Ex. 
Îïðåäåëåíèå 8.3. Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóï-
ïû p[G] ñâîáîäíûì, åñëè äëÿ ëþáîãî x ∈ M T⋆-ïðåäñòàâëåíèå fx ãðóïïû Gx
â ñëîå Ex ñâîáîäíî. 
Òåîðåìà 8.4. Åñëè îïðåäåëåíî ñâîáîäíîå T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóï-
ïû p[G] â ðàññëîåíèè r[E] : E //___ M , òî îïðåäåëåíî âçàèìíî îäíîçíà÷íîå
ñîîòâåòñòâèå ìåæäó îðáèòîé ïðåäñòàâëåíèÿ â ñëîå è ãðóïïîé G. Åñëè ãðóï-
ïà G - òîïîëîãè÷åñêàÿ ãðóïïà, òî îðáèòà ïðåäñòàâëåíèÿ â ñëîå ãîìåîìîðíà
ãðóïïå G.
Äîêàçàòåëüñòâî. 
àññìîòðèì êîâàðèàíòíîå ñâîáîäíîå T⋆-ïðåäñòàâëåíèå f ðàññëîåííîé ãðóï-
ïû p[G] íà ðàññëîåíèè p[E]. Ýòî T⋆-ïðåäñòàâëåíèå îïðåäåëÿåò íà a[E] ðàññëî-
åííîå îòíîøåíèå ýêâèâàëåíòíîñòè S, (p, q) ∈ S åñëè p è q ïðèíàäëåæàò îáùåé
îðáèòå. Òàê êàê ïðåäñòàâëåíèå â êàæäîì ñëîå ñâîáîäíî, âñå êëàññû ýêâèâà-
ëåíòíîñòè ãîìåîìîðíû ãðóïïå G. Ñëåäîâàòåëüíî, îòîáðàæåíèå natS ÿâëÿåò-
ñÿ ïðîåêöèåé ðàññëîåíèÿ natS[G] : E //___ E/S . Ìû òàêæå áóäåì ïîëüçîâàòüñÿ
ñèìâîëîì S = G⋆. Ìû ìîæåì ïðåäñòàâèòü äèàãðàììó (7.1) â âèäå êîíñòðóêöèè
E
natS[G]
''N
NN
NN
NN
p[E]







E/S
t[E/S]
wwp p
p p
p p
p
M
Ìû áóäåì íàçûâàòü ðàññëîåíèå natS[G] ðàññëîåíèåì óðîâíÿ 2.
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Ïðèìåð 8.5. àññìîòðèì ïðåäñòàâëåíèå ãðóïïû âðàùåíèé SO(2) â R2. Âñå
òî÷êè, êðîìå òî÷êè (0, 0), èìåþò òðèâèàëüíóþ ìàëóþ ãðóïïó. Òàêèì îáðàçîì,
íà ìíîæåñòâå R2 \ {(0, 0)} îïðåäåëåíî ñâîáîäíîå ïðåäñòàâëåíèå ãðóïïû SO(2).
Ìû íå ìîæåì âîñïîëüçîâàòüñÿ ýòîé îïåðàöèåé â ñëó÷àå ðàññëîåíèÿ p[R2]
è ïðåäñòàâëåíèÿ ðàññëîåííîé ãðóïïû t[SO(2)]. Ïóñòü S - îòíîøåíèå ðàññëîåí-
íîé ýêâèâàëåíòíîñòè. àññëîåíèå p[R2\{(0, 0)}]/t[SO(2)]⋆ íå ÿâëÿåòñÿ ïîëíûì.
Â ðåçóëüòàòå ïðåäåëüíûé ïåðåõîä ìîæåò ïðèâåñòè â íåñóùåñòâóþùèé ñëîé.
Ïîýòîìó ìû ïðåäïî÷èòàåì ðàññìàòðèâàòü ðàññëîåíèå p[R2]/t[SO(2)]⋆, èìåÿ â
âèäó, ÷òî ñëîé íàä òî÷êîé (x, 0, 0) - âûðîæäåí. 
Ìû óïðîñòèì îáîçíà÷åíèÿ è ïðåäñòàâèì ïîëó÷åííóþ êîíñòðóêöèþ â âèäå
p[E2, E1] : E2 //___ E1 //___ M
ãäå ìû ïðåäïîëàãàåì ðàññëîåíèÿ
p2[E2] : E2 //___ E1 p1[E1] : E1 //___ M
Àíàëîãè÷íûì îáðàçîì ìû ìîæåì ðàññìàòðèâàòü ðàññëîåíèå óðîâíÿ n
(8.1) p[En, ..., E1] : En //___ ... //___ E1 //___ M
Ïîñëåäîâàòåëüíîñòü ðàññëîåíèé (8.1) ìû áóäåì íàçûâàòü áàøíåé ðàññëîå-
íèé. Ýòî îïðåäåëåíèå ÿ äàë ïî àíàëîãèè ñ áàøíåé Ïîñòíèêîâà ([13℄). Áàøíÿ
Ïîñòíèêîâà - ýòî áàøíÿ ðàññëîåíèé. Ñëîé ðàññëîåíèÿ óðîâíÿ n - ýòî ãîìîòî-
ïè÷åñêàÿ ãðóïïà ïîðÿäêà n. Ïîäîáíûå êîíñòðóêöèè èçâåñòíû, îäíàêî ÿ ïðèâ¼ë
îïðåäåëåíèå áàøíè ðàññëîåíèé, ïîñêîëüêó îíî åñòåñòâåííûì îáðàçîì âîçíèêà-
åò èç âûøåèçëîæåííîãî òåêñòà.
ß õî÷ó ðàññìîòðåòü åù¼ îäèí ïðèìåð áàøíè ðàññëîåíèé, êîòîðûé ïðèâë¼ê
ìî¼ âíèìàíèå ([14℄, [15℄, ÷àñòü 2). Â êà÷åñòâå áàçû âûáåðåì ìíîæåñòâî J0(n,m)
0-äæåòîâ îòîáðàæåíèé èç Rn â Rm. Â êà÷åñòâå ðàññëîåíèÿ óðîâíÿ p âûáåðåì
ìíîæåñòâî Jp(n,m) p-äæåòîâ îòîáðàæåíèé èç Rn â Rm.
9. Ìîðèçì T⋆-ïðåäñòàâëåíèé ðàññëîåííîé F-àëãåáðû
Îïðåäåëåíèå 9.1. àññìîòðèì T⋆-ïðåäñòàâëåíèå
F : A → ⋆P
ðàññëîåííîé F-àëãåáðû a[A] : A //___ M â ðàññëîåíèè p[P ] : P //___ M è T⋆-
ïðåäñòàâëåíèå
G : B → ⋆Q
ðàññëîåííîé F-àëãåáðû b[B] : B //___ M â ðàññëîåíèè q[Q] : Q //___ M . Ïàðà
îòîáðàæåíèé
(9.1) ( C : A → B, R : P → Q )
òàêèõ, ÷òî C - ãîìîìîðèçì ðàññëîåííîé F-àëãåáðû è
(9.2) R(F(a)m) = G(C(a))R(m)
íàçûâàåòñÿ ìîðèçìîì ðàññëîåííûõ T⋆-ïðåäñòàâëåíèé èç F â G. Ìû
òàêæå áóäåì ãîâîðèòü, ÷òî îïðåäåë¼í ìîðèçì T⋆-ïðåäñòàâëåíèé ðàññëî-
åííîé F-àëãåáðû. 
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Ìîðèçì T⋆-ïðåäñòàâëåíèé ðàññëîåííîé F-àëãåáðû ìîæíî ïðåäñòàâèòü â
âèäå äèàãðàììû
P
F(g)

R // Q
G(C(g))

P
R // Q
A
C // B
M
g
``
C(g)
>>
F
;C
G
[c
Îòñþäà ñëåäóåò, ÷òî â ñëîå ìîðèçì T⋆-ïðåäñòàâëåíèé ðàññëîåííîé F-àëãåáðû
ÿâëÿåòñÿ ìîðèçìîì T⋆-ïðåäñòàâëåíèé F-àëãåáðû.
Òåîðåìà 9.2. Åñëè T⋆-ïðåäñòàâëåíèå
F : A → ⋆P
ðàññëîåííîé F-àëãåáðû a[A] : A //___ M â ðàññëîåíèè p[P ] : P //___ M îäíî-
òðàíçèòèâíî è T⋆-ïðåäñòàâëåíèå
G : B → ⋆Q
ðàññëîåííîé F-àëãåáðû b[B] : B //___ M â ðàññëîåíèè q[Q] : Q //___ M îäíî-
òðàíçèòèâíî, òî ñóùåñòâóåò ìîðèçì
( C : A → B, R : P → Q )
ðàññëîåííûõ T⋆-ïðåäñòàâëåíèé èç F â G.
Äîêàçàòåëüñòâî. Ñëåäñòâèå òåîðåìû 2.5 è îïðåäåëåíèÿ 9.1. 
Òåîðåìà 9.3. Ïóñòü
F : A → ⋆M
T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû A,
G : B → ⋆N
T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû B,
H : C → ⋆L
T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû C. Ïóñòü îïðåäåëåíû ìîðèçìû T⋆-
ïðåäñòàâëåíèé ðàññëîåííîé F-àëãåáðû
( U : A → B, P :M→N )
( V : B → C, Q : N → L )
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Òîãäà îïðåäåë¼í ìîðèçì T⋆-ïðåäñòàâëåíèé F-àëãåáðû
( W : A → C, R :M→ L )
ãäå W = UV, R = PQ. Ìû áóäåì íàçûâàòü ìîðèçì (W ,R) ðàññëîåííûõ T⋆-
ïðåäñòàâëåíèé èç F â H ïðîèçâåäåíèåì ìîðèçìîâ (U ,P) è (V ,Q) T⋆-
ïðåäñòàâëåíèé ðàññëîåííîé F-àëãåáðû.
Äîêàçàòåëüñòâî. Îòîáðàæåíèå W ÿâëÿåòñÿ ãîìîìîðèçìîì ðàññëîåííîé F-
àëãåáðû A â ðàññëîåííóþ F-àëãåáðó C. Íàì íàäî ïîêàçàòü, ÷òî ïàðà îòîáðà-
æåíèé (W ,R) óäîâëåòâîðÿåò (2.3):
R(F(a)m) = QP(F(a)m)
= Q(G(U(a))P(m))
= H(VU(a))QP(m))
= H(W(a))R(m)

Òåîðåìà 9.4. Ïóñòü
F : A → ⋆D
T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû A,
G : B → ⋆E
T⋆-ïðåäñòàâëåíèå ðàññëîåííîé F-àëãåáðû B. Ïóñòü
( R1 : A → B, R2 : D → E )
ìîðèçì ðàññëîåííûõ ïðåäñòàâëåíèé èç F â G. Ïîëîæèì
S1 = R1R
−1
1 S2 = R2R
−1
2
Òîãäà äëÿ îòîáðàæåíèé R1, R2 ñóùåñòâóþò ðàçëîæåíèÿ, êîòîðûå ìîæíî
îïèñàòü äèàãðàììîé
D/S2
T2 // R2D
I2

A/S1
T1 // R1A
I1

A
R1
//
J1
OO
(1)
B D/S2
T2 //
F1(J1a)
ZZ4444444444444444
R2D
I2

G1(R1a)
EE
D
R2
//
J2
OO
(2)
F(a)







E
G(R1a)
7
77
77
77
77
77
77
7
M
a
KK
J1a
TT
R1a
HH
R1a
JJ
D
J2
OO
R2
// E
F -5
F1
$,
G1
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G
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• s = ker R1 ÿâëÿåòñÿ êîíãðóýíöèåé íà A. Ñóùåñòâóåò ðàçëîæåíèå
ãîìîìîðèçìà R1
(9.3) R1 = I1T1J1
J1 = nat s - åñòåñòâåííûé ãîìîìîðèçì
(9.4) J1(a) = J1(a)
T1 - èçîìîðèçì
(9.5) R1(a) = T1(J1(a))
I1 - âëîæåíèå
(9.6) R1(a) = I1(R1(a))
• S2 = ker R2 ÿâëÿåòñÿ ýêâèâàëåíòíîñòüþ íà D. Ñóùåñòâóåò ðàçëî-
æåíèå îòîáðàæåíèÿ R2
(9.7) R2 = I2T2J2
J2 = nat S2 - ñþðúåêöèÿ
(9.8) J2(m) = J2(m)
T2 - áèåêöèÿ
(9.9) R2(m) = T2(J2(m))
I2 - âëîæåíèå
(9.10) R2(m) = I2(R2(m))
• F1 - T⋆-ïðåäñòàâëåíèå F-àëãåáðû A/S1 â D/S2
• G1 - T⋆-ïðåäñòàâëåíèå F-àëãåáðû R1A â R2D
• Ñóùåñòâóåò ðàçëîæåíèå ìîðèçìà ïðåäñòàâëåíèé
(R1,R2) = (I1, I2)(T1, T2)(J1,J2)
Äîêàçàòåëüñòâî. Ñïðàâåäëèâîñòü äèàãðàìì (1), (2) ñëåäóåò èç òåîðåìû 7.2.
Îñòàëüíûå óòâåðæäåíèÿ òåîðåìû ïðîâåðÿþòñÿ â ñëîå è ñëåäóþò èç òåîðåìû
2.10. 
10. Âåêòîðíîå ðàññëîåíèå íàä òåëîì
×òîáû îïðåäåëèòü T⋆-ïðåäñòàâëåíèå
F : R→ ⋆V
ðàññëîåííîãî êîëüöà R íà ðàññëîåíèè V ìû äîëæíû îïðåäåëèòü ñòðóêòóðó
ðàññëîåííîãî êîëüöà íà ðàññëîåíèè
⋆V .
Òåîðåìà 10.1. T⋆-ïðåäñòàâëåíèå F ðàññëîåííîãî êîëüöà R íà ðàññëîåíèè V
îïðåäåëåííî òîãäà è òîëüêî òîãäà, êîãäà îïðåäåëåíû T⋆-ïðåäñòàâëåíèÿ ðàñ-
ñëîåííûõ ìóëüòèïëèêàòèâíîé è àääèòèâíîé ãðóïï ðàññëîåííîãî êîëüöà R è
ýòè ðàññëîåííûå T⋆-ïðåäñòàâëåíèÿ óäîâëåòâîðÿþò ñîîòíîøåíèþ
F(a(b + c)) = F(a)F(b) + F(a)F(c)
Äîêàçàòåëüñòâî. Òåîðåìà ñëåäóåò èç îïðåäåëåíèÿ 6.7. 
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Òåîðåìà 10.2. T⋆-ïðåäñòàâëåíèå ðàññëîåííîãî òåëà D ýåêòèâíî, åñëè
ýåêòèâíî T⋆-ïðåäñòàâëåíèå ðàññëîåííîé ìóëüòèïëèêàòèâíîé ãðóïïû òåëà
D.
Äîêàçàòåëüñòâî. Ñîãëàñíî îïðåäåëåíèÿì 6.13 è 5.8 óòâåðæäåíèå òåîðåìû ïðî-
âåðÿåòñÿ â ñëîå. Â ñëîå óòâåðæäåíèå òåîðåìû ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû
[5℄-4.1.3. 
Ñîãëàñíî çàìå÷àíèþ 6.14, åñëè ïðåäñòàâëåíèå ðàññëîåííîãî òåëà ýåêòèâ-
íî, ìû îòîæäåñòâëÿåì ñå÷åíèå ðàññëîåííîãî òåëà è ñîîòâåòñòâóþùåå åìó T⋆-
ïðåîáðàçîâàíèå.
Îïðåäåëåíèå 10.3. V - D⋆-âåêòîðíîå ðàññëîåíèå íaä ðàññëîåííûì òåëîì
D, åñëè V - ðàññëîåííàÿ àáåëåâà ãðóïïa è îïðåäåëåíî ýåêòèâíîå T⋆-ïðåä-
ñòàâëåíèå ðàññëîåííîãî òåëà D. Ñå÷åíèå D⋆-âåêòîðíîãî ðàññëîåíèÿ íàçûâàåòñÿ
D⋆-âåêòîðíûì ïîëåì. 
Òåîðåìà 10.4. D⋆-âåêòîðíûå ïîëÿ V óäîâëåòâîðÿþò ñîîòíîøåíèÿì
• çàêîíó àññîöèàòèâíîñòè
(10.1) (ab)m = a(bm)
• çàêîíó äèñòðèáóòèâíîñòè
a(m+ n) = am+ an(10.2)
(a+ b)m = am+ bm(10.3)
• çàêîíó óíèòàðíîñòè
(10.4) 1m = m
äëÿ ëþáûõ a, b ∈ Γ(D), m,n ∈ Γ(V). Ìû áóäåì íàçûâàòü T⋆-ïðåäñòàâëåíèå
D⋆-ïðîèçâåäåíèåì âåêòîðíîãî ïîëÿ íà ñêàëÿð.
Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ïðîâåðÿåòñÿ â ñëîå è ÿâëÿåòñÿ ñëåä-
ñòâèåì òåîðåìû [5℄-4.1.5. 
Îïðåäåëåíèå 10.5. Ïóñòü V - D⋆-âåêòîðíîå ðàññëîåíèå íaä ðàññëîåííûì òå-
ëîì D. Ïîäðàññëîåíèå N ⊂ V - ïîäðàññëîåíèå D⋆-âåêòîðíîãî ðàññëîåíèÿ
V , åñëè a + b ∈ Γ(N ) è ka ∈ Γ(N ) äëÿ ëþáûõ a, b ∈ Γ(N ) è äëÿ ëþáîãî
k ∈ Γ(D). 
Îïðåäåëåíèå 10.6. Äîïóñòèì u, v ∈ Γ(V) - D⋆-âåêòîðíûå ïîëÿ. Ìû áóäåì
ãîâîðèòü, ÷òî âåêòîðíîå ïîëå w ÿâëÿåòñÿ D⋆-ëèíåéíîé êîìáèíàöèåé âåê-
òîðíûå ïîëåé u è v, åñëè ìû ìîæåì çàïèñàòü w = au+ bv, ãäå a è b - ñêàëÿ-
ðû. 
Çàìå÷àíèå 10.7. Ìû ðàñïðîñòðàíèì íà âåêòîðíîå ðàññëîåíèå è åãî òèï ñîãëà-
øåíèå, îïèñàííîå â çàìå÷àíèè [5℄-4.2.6. Ïðåäïîëàãàåòñÿ, ÷òî ñëîåì D∗∗-âåêòîð-
íîãî ðàññëîåíèÿ ÿâëÿåòñÿ D∗∗-âåêòîðíîå ïðîñòðàíñòâî. 
33
Ìîðèçì T⋆-ïðåäñòàâëåíèé
Àëåêñàíäð Êëåéí
11. D∗∗-áàçèñ âåêòîðíîãî ðàññëîåíèÿ
Îïðåäåëåíèå 11.1. Âåêòîðíûå ïîëÿ aa, a ∈ I D∗∗-âåêòîðíîãî ðàññëîåíèÿ V
D∗∗-ëèíåéíî íåçàâèñèìû, åñëè c = 0 ñëåäóåò èç óðàâíåíèÿ
c∗∗a = 0
Â ïðîòèâíîì ñëó÷àå, âåêòîðíûå ïîëÿ aa D∗∗-ëèíåéíî çàâèñèìû. 
Îïðåäåëåíèå 11.2. Ìíîæåñòâî âåêòîðíûõ ïîëåé e = (ae,a ∈ I) - D∗∗-áàçèñ
âåêòîðíîãî ðàññëîåíèÿ, åñëè âåêòîðû ae D∗∗-ëèíåéíî íåçàâèñèìû è äîáàâ-
ëåíèå ëþáîãî âåêòîðà ê ýòîé ñèñòåìå äåëàåò ýòó ñèñòåìó D∗∗-ëèíåéíî çàâèñè-
ìîé. 
Òåîðåìà 11.3. Åñëè e - D∗∗-áàçèñ âåêòîðíîãî ðàññëîåíèÿ V, òî ëþáîå âåê-
òîðíîå ïîëå v ∈ V èìååò îäíî è òîëüêî îäíî ðàçëîæåíèå
(11.1) v = v∗∗e
îòíîñèòåëüíî ýòîãî D∗∗-áàçèñà.
Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ïðîâåðÿåòñÿ â ñëîå è ÿâëÿåòñÿ ñëåä-
ñòâèåì òåîðåìû [5℄-4.3.3. 
Îïðåäåëåíèå 11.4. Ìû áóäåì íàçûâàòü ìàòðèöó v ðàçëîæåíèÿ (11.1) êî-
îðäèíàòíîé ìàòðèöåé âåêòîðíîãî ïîëÿ v â D∗∗-áàçèñå e è å¼ ýëåìåíòû
êîîðäèíàòàìè âåêòîðíîãî ïîëÿ v â D∗∗-áàçèñå e. 
Ñîãëàñíî ïîñòðîåíèþ âñå îïåðàöèè íàä âåêòîðíûìè ïîëÿìè âûïîëíÿþòñÿ â
ñëîå è ïîýòîìó â áîëüøèíñòâå ñëó÷àåâ ìû ìîæåì ïðèìåíÿòü ìåòîäû òåîðèè
D∗∗-âåêòîðíûõ ïðîñòðàíñòâ. Îäíàêî ñóùåñòâóåò îòëè÷èå. Êîîðäèíàòíàÿ ìàò-
ðèöà, òàê æå êàê è êîîðäèíàòû âåêòîðíîãî ïîëÿ, ÿâëÿåòñÿ óíêöèåé êîîðäèíàò
òî÷êè íà áàçå.
4
Ýòî ìîæåò ïðèâåñòè ê ðàçëè÷íûì ñèòóàöèÿì. Íàïðèìåð, D∗∗-
ëèíåéíàÿ çàâèñèìîñòü âåêòîðíûõ ïîëåé â ñëîå çàâèñèò îò òîãî, âûðîæäåíà èëè
íåò êîîðäèíàòíàÿ ìàòðèöà ñîîòâåòñòâóþùèõ âåêòîðîâ. Ýòî îäíà èç ïðè÷èí,
ïî÷åìó ìû èìååì ïðîáëåìó îïðåäåëåíèÿ ðàçìåðíîñòè, åñëè ìû ðàññìàòðèâà-
åì D∗∗-âåêòîðíîå ðàññëîåíèå íàä êîëüöîì ñå÷åíèé Γ(D). àññìàòðèâàÿ D
∗
∗-
âåêòîðíîå ðàññëîåíèå êàê ðàññëîåííîå ïðåäñòàâëåíèå, ìû ïîëó÷àåì áîëüøóþ
ãèáêîñòü â îïðåäåëåíèè D∗∗-áàçèñà.
Òåîðåìà 11.5. Ìíîæåñòâî êîîðäèíàò a âåêòîðíîãî ïîëÿ a â D∗∗-áàçèñå e ïî-
ðîæäàþò D∗∗-âåêòîðíîå ðàññëîåíèå Dn, èçîìîðíîå D∗∗-âåêòîðíîìó ðàññëîå-
íèþ V. Ýòî D∗∗-âåêòîðíîå ðàññëîåíèå íàçûâàåòñÿ êîîðäèíàòíûì D
∗
∗-âåê-
òîðíûì ðàññëîåíèåì, à èçîìîðèçì ðàññëîåííûì êîîðäèíàòíûì D∗∗-
èçîìîðèçìîì.
Äîêàçàòåëüñòâî. Äîïóñòèì âåêòîðû a è b ∈ V èìåþò ðàçëîæåíèå
a = a∗∗e
b = b∗∗e
â áàçèñå e. Òîãäà
a+ b = a∗∗e+ b
∗
∗e = (a+ b)
∗
∗e
ma = m(a∗∗e) = (ma)
∗
∗e
4
Îäíàêî âîïðîñ î íåïðåðûâíîñòè ýòîé óíêöèè ÿ ïîêà îñòàâëþ îòêðûòûì.
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äëÿ ëþáîãî m ∈ D. Òàêèì îáðàçîì, îïåðàöèè â âåêòîðíîì ðàññëîåíèè îïðåäå-
ëåíû ïî êîîðäèíàòíî
(a+ b)a = aa + ba
(ma)a = maa
Ýòî äîêàçûâàåò òåîðåìó. 
Òàê êàê ìû ëèíåéíàÿ êîìáèíàöèÿ îïðåäåëåíà â ñëîå, ïðèíöèï äâîéñòâåííî-
ñòè, ñîðìóëèðîâàííûé â òåîðåìàõ [5℄-4.3.8, [5℄-4.3.9, ñîõðàíÿåòñÿ äëÿ âåêòîð-
íûõ ðàññëîåíèé.
12. D∗∗-ëèíåéíîå îòîáðàæåíèå âåêòîðíûõ ðàññëîåíèé
Îïðåäåëåíèå 12.1. Ïóñòü A - S∗∗-âåêòîðíîå ðàññëîåíèå. Ïóñòü B - T ∗∗-âåê-
òîðíîå ðàññëîåíèå. Ìû áóäåì íàçûâàòü ìîðèçì
F : S // T H : A // B
T⋆-ïðåäñòàâëåíèé ðàññëîåííîãî òåëà â ðàññëîåííîé àáåëåâîé ãðóïïå (S∗∗, T ∗∗)-
ëèíåéíûì îòîáðàæåíèåì âåêòîðíûõ ðàññëîåíèé. 
Ñîãëàñíî òåîðåìå 9.4 ïðè èçó÷åíèè (S∗∗, T ∗∗)-ëèíåéíîãî îòîáðàæåíèÿ ìû
ìîæåì îãðàíè÷èòüñÿ ñëó÷àåì S = T .
Îïðåäåëåíèå 12.2. Ïóñòü A è B - D∗∗-âåêòîðíûå ðàññëîåíèÿ. Ìû áóäåì íà-
çûâàòü îòîáðàæåíèå
(12.1) H : A → B
D∗∗-ëèíåéíûì îòîáðàæåíèåì âåêòîðíûõ ðàññëîåíèé, åñëè
(12.2) H(a∗∗m) = a
∗
∗H(m)
äëÿ ëþáûõ aa ∈ Γ(D), am ∈ Γ(A). 
Òåîðåìà 12.3. Ïóñòü f = (af,a ∈ I) - D∗∗-áàçèñ â âåêòîðíîì ðàññëîåíèè A
è e = (be, b ∈ J) - D∗∗-áàçèñ â âåêòîðíîì ðàññëîåíèè B. Òîãäà D∗∗-ëèíåéíîå
îòîáðàæåíèå (12.1) âåêòîðíûõ ðàññëîåíèé èìååò ïðåäñòàâëåíèå
(12.3) b = a∗∗H
îòíîñèòåëüíî çàäàííûõ áàçèñîâ. Çäåñü
• a - êîîðäèíàòíàÿ ìàòðèöà âåêòîðíîãî ïîëÿ a îòíîñèòåëüíî D∗∗-áà-
çèñà f
• b - êîîðäèíàòíàÿ ìàòðèöà âåêòîðíîãî ïîëÿ
b = H(a)
îòíîñèòåëüíî D∗∗-áàçèñà e
• H - êîîðäèíàòíàÿ ìàòðèöà ìíîæåñòâà âåêòîðíûõ ïîëåé (H(af)) â
D∗∗-áàçèñå e, êîòîðóþ ìû áóäåì íàçûâàòü ìàòðèöåé ðàññëîåííîãî
D∗∗-ëèíåéíîãî îòîáðàæåíèÿ îòíîñèòåëüíî áàçèñîâ f è e
Äîêàçàòåëüñòâî. Âåêòîðíîå ïîëå a ∈ Γ(A) èìååò ðàçëîæåíèå
a = a∗∗f
îòíîñèòåëüíî D∗∗-áàçèñà f . Âåêòîðíîå ïîëå b = f(a) ∈ Γ(B) èìååò ðàçëîæåíèå
(12.4) b = b∗∗e
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îòíîñèòåëüíî D∗∗-áàçèñà e.
Òàê êaê H - D∗∗-ëèíåéíîå îòîáðàæåíèå, òî íà îñíîâàíèè (12.2) ñëåäóåò, ÷òî
(12.5) b = H(a) = H(a∗∗f) = a
∗
∗H(f)
H(af) òàêæå âåêòîðíîå ïîëå âåêòîðíîãî ðàññëîåíèÿ B è èìååò ðàçëîæåíèå
(12.6) H(af) = aH
∗
∗e = aH
b
be
îòíîñèòåëüíî áàçèñà e. Êîìáèíèðóÿ (12.5) è (12.6), ìû ïîëó÷àåì
(12.7) b = a∗∗H
∗
∗e
(12.3) ñëåäóåò èç ñðàâíåíèÿ (12.4) è (12.7) è òåîðåìû 11.3. 
Íà îñíîâàíèè òåîðåìû 12.3 ìû èäåíòèèöèðóåì ðàññëîåííîå D∗∗-ëèíåéíîå
îòîáðàæåíèå (12.1) âåêòîðíûõ ïðîñòðàíñòâ è ìàòðèöó åãî ïðåäñòàâëåíèÿ (12.3).
Òåîðåìà 12.4. Ïóñòü
f = (af,a ∈ I)
D∗∗-áàçèñ â âåêòîðíîì ðàññëîåíèè A,
e = (be, b ∈ J)
D∗∗-áàçèñ â âåêòîðíîì ðàññëîåíèè B, è
g = (cg, c ∈ L)
D∗∗-áàçèñ â âåêòîðíîì ðàññëîåíèè C. Ïðåäïîëîæèì, ÷òî ìû èìååì êîììó-
òàòèâíóþ äèàãðàììó D∗∗-ëèíåéíûõ îòîáðàæåíèé
A
H //
F
@
@@
@@
@@
C
B
G
??
ãäå D∗∗-ëèíåéíîå îòîáðàæåíèå F èìååò ïðåäñòàâëåíèå
(12.8) b = a∗∗F
îòíîñèòåëüíî çàäàííûõ áàçèñîâ è D∗∗-ëèíåéíîå îòîáðàæåíèå G èìååò ïðåä-
ñòàâëåíèå
(12.9) c = b∗∗G
îòíîñèòåëüíî çàäàííûõ áàçèñîâ. Òîãäà D∗∗-ëèíåéíîå îòîáðàæåíèå H èìååò
ïðåäñòàâëåíèå
(12.10) c = a∗∗F
∗
∗G
îòíîñèòåëüíî çàäàííûõ áàçèñîâ.
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî óòâåðæäåíèÿ ñëåäóåò èç ïîäñòàíîâêè (12.8)
â (12.9). 
Çàïèñûâàÿ D∗∗-ëèíåéíîå îòîáðàæåíèå â îðìå
∗
∗-ïðîèçâåäåíèÿ, ìû ìîæåì
ïåðåïèñàòü (12.2) â âèäå
(12.11) (ka)∗∗F = k(a
∗
∗F)
Óòâåðæäåíèå òåîðåìû 12.4 ìû ìîæåì çàïèñàòü â âèäå
(12.12) (a∗∗F)
∗
∗G = a
∗
∗(F
∗
∗G)
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Ìîðèçì T⋆-ïðåäñòàâëåíèé
àâåíñòâà (12.11) è (12.12) ïðåäñòàâëÿþò ñîáîé çàêîí àññîöèàòèâíîñòè äëÿ
D∗∗-ëèíåéíûõ îòîáðàæåíèé âåêòîðíûõ ðàññëîåíèé. Ýòî ïîçâîëÿåò íàì
ïèñàòü ïîäîáíûå âûðàæåíèÿ íå ïîëüçóÿñü ñêîáêàìè.
àâåíñòâî (12.3) ÿâëÿåòñÿ êîîðäèíàòíîé çàïèñüþ ðàññëîåííîãîD∗∗-ëèíåéíî-
ãî îòîáðàæåíèÿ. Íà îñíîâå òåîðåìû 12.3 áåñêîîðäèíàòíàÿ çàïèñü òàêæå ìîæåò
áûòü ïðåäñòàâëåíà ñ ïîìîùüþ
∗
∗-ïðîèçâåäåíèÿ
(12.13) b = a∗∗F = a
∗
∗f
∗
∗F = a
∗
∗F
∗
∗e
Åñëè ïîäñòàâèòü ðàâåíñòâî (12.13) â òåîðåìó 3.4, òî ìû ïîëó÷èì öåïî÷êó ðà-
âåíñòâ
c = b∗∗G = b
∗
∗e
∗
∗G = b
∗
∗G
∗
∗g
c = a∗∗F
∗
∗G = a
∗
∗f
∗
∗F
∗
∗G = a
∗
∗F
∗
∗G
∗
∗g
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